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a b s t r a c t

In this paper, we consider a constant-diagonals matrix. The matrix was discussed in Wituła
and Słota [R. Wituła, D. Słota, On computing the determinants and inverses of some special
type of tridiagonal and constant-diagonals matrices, Appl. Math. Comput. 189 (1) (2007)
514–527]. The authors gave some results on determinant and the inverse of the matrix
for some special cases. We give LU factorization and then compute determinant of the
matrix. We determine eigenvalues of the matrix. Further we obtain some relationships
between permanent of the matrix and terms of a certain recurrence relation.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

A Toeplitz matrix or diagonal-constant matrix is a matrix in which each descending diagonal from left to right is constant.
For r 6 n, a ðn� nÞ r-Toeplitz matrix is determined by given 2r � 1 numbers ai 2 C; i ¼ �r þ 1; . . . ;�1; 0;1; . . . ; r � 1. Those
numbers are then placed as matrix elements constant along the (upper-left to lower-right) diagonals of the matrix:
A ¼ ½aij� ¼

a0 a�1 . . . a�ðr�1Þ 0

a1 a0 a�1
. .

. . .
.

..

.
a1 a0

. .
. . .

.
a�ðr�1Þ

ar�1
. .

. . .
. . .

.
a�1

..

.

. .
. . .

.
a1 a0 a�1

0 ar�1 . . . a1 a0

2
6666666666664

3
7777777777775
:

The matrix A is reduced to a tridiagonal Toeplitz matrix by taking r ¼ 2. These types of matrices arise not only in different
theoretical fields (in linear algebra or numerical analysis), but also in applicative fields. For example, these matrices appear in
time series analysis, in signal processing and in solving differential equations (see [3,4,19]). For properties of these matrices,
we refer to [1,2,5–13,15–18,21]. In [22], the authors considered a constant-diagonals matrix and they gave many examples
on determinant and the inverse of the matrix for some special cases.

In this paper, we consider the same matrix and compute determinant of the matrix by its LU factorization. We determine
the eigenvalues of the matrix. Finally, some trigonometric representations for a recurrence relation are derived as applica-
tions of our results.
. All rights reserved.
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2. A constant-diagonals matrix Hnða;b; cÞ

We will compute determinant of the matrix. For this purpose, firstly we use elementary operations.

Definition 1. For n > 2, let Hnða; b; cÞ ¼ ½hkj�n�n denote the constant-diagonals matrix with hii ¼ a for 1 6 i 6 n; hi;iþ2 ¼
b; hiþ2;i ¼ c for 1 6 i 6 n� 2 and 0 otherwise.

Clearly, the matrix Hnða; b; cÞ takes the form:
Hnða; b; cÞ ¼

a 0 b 0 0

0 a 0 b . .
.

c 0 a 0 . .
.

0

0 c 0 a . .
.

b
. .

. . .
. . .

. . .
.

0
0 0 c 0 a

2
66666666664

3
77777777775
:

Let A and B be nonzero integers. Define the second order linear recurrence fung by for all n P 2:

un ¼ Aun�1 � Bun�2; ð1Þ
where u0 ¼ 0; u1 ¼ 1.
Let fung be as in (1) by taking A ¼ a and B ¼ bc.

Theorem 2. For n ¼ 2k; k P 1,
det Hnða; b; cÞ ¼ u2
kþ1;
and for n ¼ 2kþ 1; k P 1,
det Hnða; b; cÞ ¼ ukþ1ukþ2:
Proof. If we multiply the first row by c
a ¼ c

u2
and subtract this from the third row, then using the notation a� bc

u2
¼ u3

u2
, we

obtain:
det Hnða; b; cÞ ¼

a 0 b 0
0 a 0 b

0 0 u3
u2

0 . .
.

c 0 a . .
.

b

. .
. . .

. . .
.

0
0 c 0 a

�����������������

�����������������

:

If we multiply the second row by c
a ¼ c

u2
and subtract this from the fourth row, then using the notation u2

u1
¼ a, we obtain:� �
det Hnða; b; cÞ ¼

u2
u1

0 b 0

0 u2
u1

0 b

0 0 u3
u2

0 b

0 0 u3
u2

0 . .
.

c 0 a . .
.

b
. .

. . .
. . .

. . .
.

0
0 c 0 a

�������������������

�������������������

:

If we multiply the third row by cu2
u3

and subtract this from the fifth row, then using the identity a� u2bc
u3
¼ u4

u3
, we obtain:� �
det Hnða; b; cÞ ¼

u2
u1

0 b 0

0 u2
u1

0 b

0 0 u3
u2

0 b

0 0 u3
u2

0 b

0 0 u4
u3

0 . .
.

c 0 a . .
.

b
. .

. . .
.

0
0 c 0 a

����������������������

����������������������

:
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For n ¼ 2k; k > 1, continuing this process, subtracting the (n � 3)th row from the (n � 1)th row and the (n � 2)th row from
the nth row multiplied by cuk�1

uk
for n P 6 and using by the identity a� bcuk

ukþ1
¼ ukþ2

ukþ1
, we get:
det H2kða; b; cÞ ¼

u2
u1

0 b 0
u2
u1

0 b

u3
u2

0 . .
.

u3
u2

. .
.

b

. .
.

0 b
ukþ1

uk
0

0 ukþ1
uk

�������������������������

�������������������������

:

Thus,
det Hnða; b; cÞ ¼ det H2kða; b; cÞ ¼
u2

u1

u2

u1

u3

u2

u3

u2
� � � uk

uk�1

uk

uk�1

ukþ1

uk

ukþ1

uk
¼ u2

kþ1:
In the rest of the proof, we consider the case n ¼ 2kþ 1; k P 1. In addition to the above processes, if we multiply the
(n � 2)th row by cuk

ukþ1
and subtract this from the nth row, then
det H2kþ1ða; b; cÞ ¼

u2
u1

0 b 0

0 u2
u1

0 b

0 0 u3
u2

0 . .
.

0 0 . .
. . .

.
b

. .
. . .

. ukþ1
uk

0 b

0 0 ukþ1
uk

0

0 c 0 a

�����������������������

�����������������������

¼

u2
u1

0 b 0

0 u2
u1

0 b

0 0 u3
u2

0 . .
.

0 0 . .
. . .

.
b

. .
. . .

. ukþ1
uk

0 b

0 0 ukþ1
uk

0

0 0 0 ukþ2
ukþ1

�����������������������

�����������������������

:

Therefore, we have:
det H2kþ1ða; b; cÞ ¼
ukþ2

ukþ1
det H2kða; b; cÞ ¼ u2

kþ1
ukþ2

ukþ1
¼ ukþ1ukþ2:
Thus, the proof is complete. h

As an example, when a ¼ 1; b ¼ c ¼ i in Theorem 2, where i2 ¼ �1, then
1 0 i 0

0 1 0 . .
.

i 0 1 . .
.

i

. .
. . .

. . .
.

0
0 i 0 1

��������������

��������������
2n�2n

¼ F2
nþ1
where Fn is the nth Fibonacci number.

3. LU factorization of Hnða;b; cÞ

In this section, we give the Doolittle type LU factorization of Hnða; b; cÞ.
We define a n� n unit lower triangular matrix L0 ¼ ½lij� with l2kþ1;2k�1 ¼ l2kþ2;2k ¼ cuk

ukþ1
for 1 6 k 6 bðn� 1Þ=2c; lii ¼ 1 for

1 6 i 6 n and 0 otherwise. Define the n� n upper triangular matrix U0 ¼ ½qkj� with q2k�1;2k�1 ¼ q2k;2k ¼
ukþ1

uk
for

1 6 k 6 bðnþ 1Þ=2c; qi;iþ2 ¼ b for 1 6 i 6 n� 2 and 0 otherwise. Clearly, the matrices L0 and U0 take the forms for
n ¼ 2k; k > 1,
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L0 ¼

1
0 1

cu1
u2

0 . .
.

cu1
u2

. .
.

1

. .
.

0 1
cuk�1

uk
0 1

cuk�1
uk

0 1

2
6666666666666664

3
7777777777777775

and U0 ¼

u2
u1

0 b
u2
u1

0 b

u3
u2

0 . .
.

. .
.

b
ukþ1

uk
0

ukþ1
uk

2
6666666666664

3
7777777777775
: ð2Þ
where un is the nth term of fung with A ¼ a and B ¼ bc.

Theorem 3. The LU factorization of Hnða; b; cÞ has the form:
Hnða; b; cÞ ¼ L0U0;
where L0 and U0 be as before.

Proof. By the definitions of L0 and U0, we have lij ¼ 0 for j > i; liþ1;i ¼ 0 for 1 6 i 6 n� 1 and lij ¼ 0 for i P jþ 3, and, qij ¼ 0
for j < i; qi;iþ1 ¼ 0 for 1 6 i 6 n� 1; qij ¼ 0 for j P iþ 3. First consider the case i ¼ j. From matrix multiplication, we write:
hii ¼
Xn

k¼1

likqki ¼ liiqii þ li;i�2qi�2;i:
If we suppose that i ¼ 2t; t > 0, then we write the above equation as follows:
h2t;2t ¼ l2t;2tq2t;2t þ l2t;2t�2q2t�2;2t ¼
utþ1 þ bcut�1

ut
;

which, by the recurrence relation of fung, satisfies
h2t;2t ¼
aut � bcut�1 þ bcut�1

ut
¼ a:
Second, for i ¼ 2t þ 1; t P 1, we consider:
h2tþ1;2tþ1 ¼ l2tþ1;2tþ1q2tþ1;2tþ1 þ l2tþ1;2t�1q2t�1;2tþ1 ¼ q2tþ1;2tþ1 þ l2tþ1;2t�1q2t�1;2tþ1 ¼
utþ2 þ bcut

utþ1
¼ autþ1 � bcut þ bcut

utþ1
¼ a;
where h11 ¼ a. Now consider the second case j ¼ iþ 2. From matrix multiplication and the definitions of L0 and U0,
hi;iþ2 ¼
Xn

k¼1

likqk;iþ2 ¼ liiqi;iþ2 ¼ qi;iþ2 ¼ b:
Finally, we consider the case i ¼ jþ 2. Then, by liþ2;i ¼ cðqiiÞ
�1, we have:
hiþ2;i ¼
Xn

k¼1

liþ2;kqk;i ¼ liþ2;iqii ¼ c:
So the proof is complete. h

Thus, we can obtain the proof of Theorem 2 as a consequence of Theorem 3. Since Hnða; b; cÞ ¼ L0U0 where L0 and U0 given
by (2). Thus, det Hnða; b; cÞ ¼ detðL0ÞdetðU0Þ ¼ detðU0Þ since L0 is the unit lower triangular matrix. Then for n ¼ 2k; k > 1,
det Hnða; b; cÞ ¼ det U0 ¼
u2

u1

u2

u1
� � � uk

uk�1

uk

uk�1

ukþ1

uk

ukþ1

uk
¼ u2

kþ1:
If n ¼ 2kþ 1; k > 1, then we get:
det Hnða; b; cÞ ¼ det U0 ¼
u2

u1

u2

u1
� � � uk

uk�1

uk

uk�1

ukþ1

uk

ukþ1

uk

ukþ2

ukþ1
¼ ukþ1ukþ2:
For example, let,
H5ð2;1;�1Þ ¼

2 0 1 0 0
0 2 0 1 0
�1 0 2 0 1
0 �1 0 2 0
0 0 �1 0 2

2
6666664

3
7777775
:
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According to the Theorem 3, the sequence fung takes the following form:
un ¼ 2un�1 þ un�2;
where u0 ¼ 0; u1 ¼ 1. Then the first few terms of fung are u2 ¼ 2; u3 ¼ 5; u4 ¼ 12. Then,
L0 ¼

1 0 0 0 0
0 1 0 0 0
� 1

2 0 1 0 0
0 � 1

2 0 1 0
0 0 � 2

5 0 1

2
6666664

3
7777775

and U0 ¼

2 0 1 0 0
0 2 0 1 0
0 0 5

2 0 1
0 0 0 5

2 0
0 0 0 0 12

5

2
6666664

3
7777775
:

Thus, det H5ð2;1;�1Þ ¼ 60.

4. Eigenvalues of Hnða;b; cÞ

In this section, we give an explicit form for the eigenvalues of Hnða; b; cÞ. Recall that the sequence fung is defined by for
n P 2;
un ¼ Aun�1 � Bun�2;
where u0 ¼ 0; u1 ¼ 1. Throughout this section, we consider the sequence fung by taking A ¼ a and B ¼ bc.
We construct an ðn� nÞ tridiagonal Toeplitz matrix Tn as follows:
Tn ¼

a
ffiffiffiffiffi
bc
p

ffiffiffiffiffi
bc
p

a . .
.

. .
. . .

. ffiffiffiffiffi
bc
p

ffiffiffiffiffi
bc
p

a

2
666664

3
777775: ð3Þ
If we expand the jTnj with respect to first row by the Laplace expansion, then we get:
det Tn ¼ unþ1: ð4Þ
Let Dn denote the characteristic polynomial of Tn, that is,
Dn ¼ detðTn � kInÞ;
where In is the unit matrix of order n.
From [7,20,14], we have that the zeros of Dn are given by
kk ¼ a� 2
ffiffiffiffiffi
bc
p

cos
pk

nþ 1
; k ¼ 1;2; . . . ;n: ð5Þ
To find the eigenvalues of Hkða; b; cÞ, we consider two cases. First we begin with the case where k is even number.

Theorem 4. The matrix H2nða; b; cÞ has n double eigenvalues with the form:
kk ¼ a� 2
ffiffiffiffiffi
bc
p

cos
pk

nþ 1
; k ¼ 1;2; . . . ;n:
Proof. Denote the characteristic polynomial of matrix H2nða; b; cÞ by Cn, that is, Cn ¼ detðH2nða; b; cÞ � kI2nÞ. If we replace a
with a� k in Theorem 2, then by considering (4) and Theorem 2, we easily get:
Ck ¼ D2
kþ1:
From (5), we have the zeros of Dn. So we derive the zeros of Cn. Thus, the proof is complete. h

Second, we consider the eigenvalues of H2nþ1ða; b; cÞ by the following theorem.

Theorem 5. The eigenvalues of H2n�1ða; b; cÞ are given by
a� 2
ffiffiffiffiffi
bc
p

cos kp
nþ1 for k ¼ 1;2; . . . n;

a� 2
ffiffiffiffiffi
bc
p

cos kp
n for k ¼ 1;2; . . . ; n� 1:

(

Proof. Denote the characteristic polynomial of matrix H2�1ða; b; cÞ by En, that is, En ¼ detðH2n�1ða; b; cÞ � kI2n�1Þ. Replacing a
with a� k in Theorem 2, we get by considering (4) and Theorem 2:
Ek ¼ Dk�1Dk:
From (5), we have the zeros of Dn. Thus, the proof is easily seen. h
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For example, the eigenvalues of H5ð2;1;�1Þ are
2� i
ffiffiffi
2
p

; 2; i
ffiffiffi
2
p
þ 2; 2� i and 2þ i;
where i ¼
ffiffiffiffiffiffiffi
�1
p

.

5. Some special cases

Now we give some special results about determinant and permanent of the matrix Hnða; b; cÞ.

Definition 6. A matrix A is called convertible if there is an n� n ð1;�1Þ-matrix C such that perA ¼ detðA � CÞ, where A � C
denotes the Hadamard product of A and C. Such a matrix C is called a converter of A.

Let S be a ð1;�1Þ-matrix of order n, defined by
S ¼

1 1 �1 1 . . . 1

1 1 1 �1 . .
. ..

.

..

. ..
. ..

. . .
. . .

.
1

1 1 1 . . . 1 �1
1 1 1 . . . 1 1
1 1 1 . . . 1 1

2
66666666664

3
77777777775
:

Let fung be as in (1) with A ¼ a and B ¼ bc.

Corollary 7. For n ¼ 2k; k > 1,
perHnða; b;�cÞ ¼ perHnða;�b; cÞ ¼ u2
kþ1;
and for n ¼ 2kþ 1; k > 1,
perHnða; b;�cÞ ¼ perHnða;�b; cÞ ¼ ukþ1ukþ2:
Proof. Since the matrices S and ST are the converter of Hnða; b; cÞ, the proof is readily seen. h

Thus, we give a relationship between the determinants of Hnða; b; cÞ and Hnð�a; b; cÞ.

Theorem 8. Let the matrix Hnða; b; cÞ be as in Definition 1. Then for n > 1,
det Hnð�a; b; cÞ ¼ ð�1Þn det Hnða; b; cÞ:
We obtain a result involving the negatively and positively subscripted Fibonacci numbers as follows:
det Hnð�1; i; iÞ ¼

�1 0 i 0

0 �1 0 . .
.

i 0 �1 . .
.

i

. .
. . .

. . .
.

0
0 i 0 �1

��������������

��������������
¼

F2
�ðkþ1Þ if n ¼ 2k;

F�ðkþ1ÞF�ðkþ2Þ if n ¼ 2kþ 1;

(

where i ¼
ffiffiffiffiffiffiffi
�1
p

.
We have that det H2nða; b; cÞ ¼ u2

nþ1 and by the eigenvalues of Hnða; b; cÞ, we can obtain:
unþ1 ¼
Yn

k¼1

a� 2
ffiffiffiffiffi
bc
p

cosðkp=nþ 1Þ
h i

:

Similarly, considering det H2nþ1 ¼ unþ1unþ2, we have:
F�ðnþ1Þ ¼
Yn

k¼1

½�1� 2i cosðkp=nþ 1Þ�:
The Chebysev polynomials of second kind fUnðxÞg are defined in terms of trigonometric polynomials in cos h as
UnðxÞ ¼
sinðnþ 1Þh

sin h
; x ¼ cos h: ð6Þ
The family of Chebysev polynomials of second kind fUnðxÞg satisfies the recurrence relation, for n P 1,
Unþ1ðxÞ ¼ 2xUnðxÞ � Un�1ðxÞ
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with U0ðxÞ ¼ 1; U1ðxÞ ¼ 2x. The family can be obtained by successive determinants of:
KnðxÞ ¼

2x 1

1 2x . .
.

. .
. . .

.
1

1 2x

2
666664

3
777775

n�n

:

Thus, unþ1 ¼
ffiffiffiffiffi
bc
p� �n

det Kn
a

2
ffiffiffiffi
bc
p

� �
. Since det KnðxÞ ¼ UnðxÞ, we write unþ1 ¼

ffiffiffiffiffi
bc
p� �n

Un
a

2
ffiffiffiffi
bc
p

� �
and then we have the following

corollary.

Corollary 9. For n P 1,
det H2nða; b; cÞ ¼ ðbcÞn Un
a

2
ffiffiffiffiffi
bc
p

� �� �2
and
det H2nþ1ða; b; cÞ ¼
ffiffiffiffiffi
bc
p� �2nþ1

Un
a

2
ffiffiffiffiffi
bc
p

� �
Unþ1

a

2
ffiffiffiffiffi
bc
p

� �
;

where UnðxÞ is the nth term of the fUnðxÞg.
Acknowledgement

The author wishes to thank the anonymous referee for his suggestions.

References

[1] R. Álvarez-Nodarse, J. Petronilho, N.R. Quintero, On some tridiagonal k-Toeplitz matrices: algebraic and analytical aspects. Applications, J. Comput.
Appl. Math. 184 (2) (2005) 518–537.

[2] R.L. Burden, J.D. Fairs, A.C. Reynolds, Numerical Analysis, second ed., Prindle, Weber & Schmidt, Boston, MA, 1981.
[3] S.N. Chandler-Wilde, M.J.C. Gover, In the application of a generalization of Toeplitz matrices to the numerical solution of integral equations with

weakly singular convolution kernels, IMA J. Numer. Anal. 9 (1989) 525–544.
[4] M.J.C. Gover, S. Barnett, D.C. Hothersall, Sound propagation over inhomogeneous boundaries, in: Internoise 86, Cambridge, MA, 1986, pp. 377–382.
[5] M.J.C. Gover, The eigenproblem of a tridiagonal 2-Toeplitz matrix, Linear Algebra Appl. 197–198 (1994) 63–78.
[6] W.W. Hager, Applied Numerical Linear Algebra, Prentice-Hall International Editions, Englewood Cliffs, NJ, 1988.
[7] E. Kilic, D. Tasci, Factorizations and representations of the backward second order linear recurrences, J. Comput. Appl. Math. 201 (1) (2007) 182–197.
[8] E. Kilic, D. Tasci, On the permanents of some tridiagonal matrices with applications to the Fibonacci and Lucas numbers, Rocky Mountain J. Math. 37 (6)

(2007) 203–219.
[9] E. Kilic, Explicit formula for the inverse of a tridiagonal matrix by backward continued fractions, Appl. Math. Comput. 197 (1) (2008) 345–357.

[10] R.K. Mallik, The inverse of a tridiagonal matrix, Linear Algebra Appl. 325 (1–3) (2001) 109–139.
[11] F. Marcellán, J. Petronilho, Eigenproblems for tridiagonal 2-Toeplitz matrices and quadratic polynomial mappings, Linear Algebra Appl. 260 (1997)

169–208.
[12] M. El-Mikkawy, A fast algorithm for evaluating nth order tri-diagonal determinants, J. Comput. Appl. Math. 166 (2) (2004) 581–584.
[13] M. El-Mikkawy, A note on a three-term recurrence for a tridiagonal matrix, Appl. Math. Comput. 139 (2003) 503–511.
[14] M. Püschel, M.F. Moura Jose, The algebraic approach to the discrete cosine and sine transforms and their fast algorithms, SIAM J. Comput. 32 (5) (2003)

1280–1316.
[15] J. Rimas, On computing of arbitrary positive integer powers for one type of symmetric tridiagonal matrices of even order – I, Appl. Math. Comput. 168

(2005) 783–787.
[16] J. Rimas, On computing of arbitrary positive integer powers for one type of symmetric tridiagonal matrices of odd order – I, Appl. Math. Comput. 171

(2005) 1214–1217.
[17] J. Rimas, On computing of arbitrary positive integer powers for one type of even order skew-symmetric tridiagonal matrices with eigenvalues on

imaginary axis I, Appl. Math. Comput. 174 (2006) 997–1000.
[18] D.K. Salkuyeh, Comments on a note on a three-term recurrence for a tridiagonal matrix, Appl. Math. Comput. 176 (2006) 442–444.
[19] S.S. Capizzano, Generalized locally Toeplitz sequences spectral analysis and applications to discretized partial differential equations, Linear Algebra

Appl. 366 (2003) 371–402.
[20] G. Strang, The discrete cosine transform, SIAM Rev. 41 (1) (1999) 135–147.
[21] P. Tilli, Locally Toeplitz sequences spectral properties and applications, Linear Algebra Appl. 278 (1998) 91–120.
[22] R. Wituła, D. Słota, On computing the determinants and inverses of some special type of tridiagonal and constant-diagonals matrices, Appl. Math.

Comput. 189 (1) (2007) 514–527.


	On a constant-diagonals matrix
	Introduction
	A constant-diagonals matrix {H}_{n}(a,b,c)
	LU factorization of {H}_{n}(a,b,c)
	Eigenvalues of {H}_{n}(a,b,c)
	Some special cases
	Acknowledgement
	References


