A GENERALIZED FILBERT MATRIX
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ABSTRACT. A generalized Filbert matrix is introduced, sharing properties of the
Hilbert matrix and Fibonacci numbers. Explicit formulse are derived for the LU-
decomposition, their inverses, and the Cholesky factorization. The approach is
to use g-analysis and to leave the justification of the necessary identities to the
g-version of Zeilberger’s celebrated algorithm.

1. INTRODUCTION

The Filbert matrix H,, = (hij)ijl is defined by h;; = ﬁﬂ as an analogue of
the Hilbert matrix where Fj, is the nth Fibonacci number. It has been defined and
studied by Richardson [3].

In this paper we will study the generalized matrix with entries ﬁw’ where
r > —1 is an integer parameter. The size of the matrix does not really matter, and
we can think about an infinite matrix F and restrict it whenever necessary to the
first n rows resp. columns and write JF,,.

Our approach will be as follows. We will use the Binet form

an_ﬂn_anfll_qn

a—f l—gq’
with ¢ = B/a = —a~2, so that a = i/,/q. All the identities we are going to derive
hold for general ¢, and results about Fibonacci numbers come out as corollaries for
the special choice of gq.
Throughout this paper we will use the following notations: (x;¢q), = (1 —x)(1 —
xq)...(1 —2¢" ') and the Gaussian g-binomial coefficients

F, =

r}: (¢ Dn

kI (@ Or(@ On—rk
Furthermore, we will use Fibonomial coefficients

{n} _ Fo.Fny...Fy k1

k ... F

The link between the two notations is

o}l 1o

We will obtain the LU-decomposition F = L - U:
Theorem 1.1. For 1 <d <n we have

n—112d+rn+d+r]"
d—1 d d
1

L= q%di"”(—l)”[
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and its Fibonacci corollary
;o n-1f2dr fntdr) T
T d -1 d d '
Theorem 1.2. For 1 <d <n we have

-1 -1
n—d;r—l+d2+rdin+d+r+1(_1)n+d+r 2d+r—1 n+d+r n| 1—gq
d—1 d dj1—q"

Ud,n =dq

and its Fibonacci corollary

- 2d+r—1) " n+d+r) t(n) 1
= o G

We could also determine the inverses of the matrices L and U:

Theorem 1.3. For 1 <d <n we have

-1
(”‘Qd)Qin+d(1)d[n+r] [n—i—d— 1—}—7“] [Qn— 1+r}

L7l =
nd = 4 d+r d—1 n—1

and its Fibonacci corollary
-1 _ (_1)(n+1)d+n<n2+1>+d(d2+1> n—+r n+d—1+r 2n—1+r 71'
n,d d+r d—1 n—1
Theorem 1.4. For 1 <d <n we have

—%24-%—1—7”;1—(d+r)nin+d—1+r(_1)n—d 2n+7’ n+d+7“—1 n—l 1—qn
n d+r d—1] 1—q

-1 _
Ud,n =49

and its Fibonacci corollary

n(ntl) | d(d—1) 2n+7r) (n+d+r—1) (n—1
U—l — (-1 —— 4+ =" —dn—rn+r F .
an= (=17 i n d+r d—1)""

As a consequence we can compute the determinant of F,, since it is simply eval-
uated as Uy - - Uy (we only state the Fibonacci version):

Theorem 1.5.
1) o [2d4+r—1) " (2d+r) 7t 1
detF, = (-1 —.
e?()le_Il{d—l}{d}Fd

Now we determine the inverse of the matrix F. This time it depends on the
dimension, so we compute (F,)"!.

Theorem 1.6. For1 <i,j <n:

2, .2
-1 EHIATHL (i jbr)nsitj+r+l itj+1
(?Tb)i,j =q 2 (i+j+r)ngi+i (=1)"*7
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and its Fibonacci corollary
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(F)7 = (_1)@+@+n(i+j+r)+r

i,J
" n+r+il (n+r+j5)[(n—11[(n-1 F?
n n 1 —1 j—l F’I’+i+j.

The results about the inverse matrix are not new, compare [1, 4], but have been
included for completeness.

We can also find the Cholesky decomposition F = € - €T with a lower triangular
matrix C:

Theorem 1.7. Forn > d:

( 1)n,n+T+r+1 o_rt1 @1 ra /(1 — @) (1 —q) [2n+7r] [2n+7 — 1 !
— i 2 g2 4 2 2
1 — g2ntr n—d n—1

en,d =

and its Fibonacci corollary
( 1)@+—T(df)@ n+r) (2n+r—1)""
Fopr | n—d n—1 :

Notice that for odd r, even the Fibonacci version may contain complex numbers.

end:

)

2. PROOFS

In order to show that indeed ¥ = L - U, we need to show that for any m, n:

e 1—gq
— — +1
> LmdUan =Ty =a """ T g
d
In rewritten form the formula to be proved reads
Z(qd2+(r—l)d—r _ gy 2m+r||2n+r
y m—d||n—d
A=A =) 2m+r = 1] 20+ — 1
N 1 — gmtntr m—1 n—1 |

Nowadays, such identities are a routine verification using the g-Zeilberger algorithm,
as described in the book [2]. We used Zeilberger’s own version [6], which is a Maple
program. Mathematica users would get the same results using a package called

qZeil [5].
For interest, we also state (as a corollary) the corresponding Fibonacci identity:

Z(_l)r(d_l)FQd 2m 41\ (2n+1r :M 2m+1r —1 2n+r—1.
y Tlm—d n—d Foinsr m—1 n—1

Now we move to the inverse matrices. Since L and L' are lower triangular
matrices, we only need to look at the entries indexed by (m,n) with m > n:

> Lmalg,

n<d<m

B s R ot | et

n<d<m
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(n—d)?

% q72 in+d(_1)n|:

1 2m+r —1
m—1

B T L et

n—1

d+r|l|ln+d—-1+7r|{2d—1+7r -1
n+r d—1

-1
:| im+n(_1)m+n

m—d n+r n—1

The g-Zeilberger algorithm can evaluate the sum, and it is indeed [m = n], as
predicted.
The argument for U - U~ is similar:

> UnmalUg,

m<d<n

_ (_1\ymtnsm+n 7m+m2+rmfﬁfrn 2m+r—1 - 2n+r—1] 1- q2n+r
= (—-1)""" 2 P :

9 m—1 n—1 — gntmAr

d(d+1) n+d+r—1|l{n+m+r
< 3t 1!
meden d—m n—d

Again, the g-Zeilberger algorithm evaluates this to [m = n|.
Now we turn to the inverse matrix:

2

- si— % +E _ (j+r)ntr n
((F)715,), =141 T gy

n .
G+ In+r+j|(n—1 1
X 2 TI(—1) . —.
jzlq Y [ n Hj—l] (1= g+ (1 — gr+)

And the g-Zeilberger algorithm evaluates this again to [i = k.
The Cholesky verification goes like this:

n+r+1{n—1

n 1 —1

min{m,n}

Z em,den,d
d=1

_ Fntrembngr gl mEn—r—l l1—q
= (=) g (1 — g®m+r)(1 — ¢2nF7)
on+r—1]1""2m+r—1]"" d(d—1)+rd 9d 2m+r||2n+7
1— g :
X[ n—1 } [ m—1 ] Zd:q (1-4q )m—d n—d

And again the g-Zeilberger algorithm evaluates this to be

1—g¢q emA4n+r—1 %Jrr*l
1— qm+n+r q ’

as it should.
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