BINOMIAL SUMS WHOSE COEFFICIENTS ARE PRODUCTS OF
TERMS OF BINARY SEQUENCES

EMRAH KILIG!, NESE OMUR?2, AND Y. TURKER ULUTAS3

ABSTRACT. In this study, we introduce sums and alternating sums of products
of terms of sequences {Ugy, } and {Vi, } with binomial coefficents. These sums
have a nice representation for the terms of sequences {Ug,} and {Vi,}.

1. INTRODUCTION

The second order linear recurrence X, (p, ¢; a,b) is defined by for n > 1,
Xn = an—l - an—2a

where Xo = a, X1 =0b.
We denote X, (p,1;0,1),X, (p,1;2,p),Xn (p,¢;0,1) and X, (p,¢;2,p) by {Un},
{Va}{un} and {v,}.
The Binet formulas of {U,,} and {V,,} are as follows:
a™ — g"

a—p
where o, 3 = (pi \/p? +4) /2.

From [2, 3], we have that for k > 0

U, = and V,, = a" + 3" (1.1)

Hy, = ViH, . — (=) H, o,

where V}, is as before and H,, is either Uy, or Vi,.

For the alternating sums of squares of the terms of the Fibonacci, Lucas, Pell
and Pell-Lucas sequences as well as the alternating sums, we refer to [5, 7, 8, 9].
The author [7] eliminated all restrictions about the initial values of the recurrence
relation given in [5] and obtained formulae for the sums given by

n n

d n
§ Uq+bjUc-dj 5 § Uq+bjUctdj an lezl Va+bjVc+dj
Jj=1 Jj=1

as well as their general cases which include the binomial coefficients (’;) as coeffi-
cient.
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The author [6] used the finite differences method and then computed the follow-
ing combinatorial sums including Fibonacci numbers: for n > 0

i (")@ka = @+2)" ", b= (1+\/5) /2,

k
k=0
(Z> (—=2)"F, = (=2)5" Y72 for odd n,
k=0

In this study, we consider two kinds of combinatorial sums whose coefficients
are certain products of terms of the sequences {U,} and {V,} as well as their
alternate analogues. We will study the sums have the form:

" /n " /n ;
Z <Z.>Tk(a+bi)Tk(c+di) and Z <z) (=1)" Th(atvi) Tr(etdi
i=0 i=0

where T, is either U, or V,,.

Such or similar sums could be computed by using different methods. One of the
well known methods is to use the Binet formula the binary sequences. The second
one is may the induction method. But here we should note that it would not be
useful for ours. As third optional, one may consider to use finite differences (for
more detailed results and their applications, we refer to [1, 6]), but it is not again
useful for ours.

2. SUMS OF CERTAIN PRODUCTS OF THE TERMS OF {Ug,} AND {Vi,}

In this section, we start with some lemmas for further use. We shall denote
(V,f +4) JU? by A.

Lemma 1. For any integers m and n,

AU Ugn  if n is odd,

Vi(man) T Vi(m—n) = (2.1)
Viern Vien if n is even,

Viem Vien if n is odd,

AU Ugn  if n is even,

VimUgn  if n is odd,

Uk(’m—i—n) + Uk(’m—n) = (23)
UkmVin if n is even,

Uk Vin  if n is odd,

Uk(m+n) - Uk(m—n) = (2.4)
Vk?rLUkn an 18 even.

Proof. By the Binet formulas of {Uy,} and {Vi,}, the claimed equalities (2.1)-
(2.4) are obtained. O
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We recall some facts for the readers convenience: For any real numbers m and

n?
w-n/2 '
Z <> (mn)" (mf=2 + n'=2) if ¢ is odd,
 \i
(mtm) =0 s ,
() (mn)" (m!=2 4+ nt=21) + ( ) (mn)"? if t is even,
— \i t/2
(2.5)
and
(=12 ,, o
(> (mn)" (—=1)" (m!=2" — p'=2%) if ¢ is odd,
i
i=0
(m— ”)t = — ([t i (o t—2i t—2i
; (mn)" (—=1)" (m!=2% + nt=%)
i=0 if ¢ is even.
t t/2 t/2
-1
+ () tn)”* -1
(2.6)

Lemma 2. For any integers r and s,
i) for odd s

n A2IUR V(o) if 1 ds odd,

> <TZ> Uk(r+2si) = (2.7)

— Aln/2] UisUk(sngry if m 1s even,
and for even s
" n n
i Us(r+2si) = VisUsk(sntr)-
i=0
i1) For odd s,
. A(”+1)/2U£8Uk(sn+r) if m is odd,

n
Z (’L> Vk(7'+23i) = (28)
1=0

A"/QU,?SV;C(WM) if n is even,

and for even s,

n

n n
Z <7;)Vk(7'+25i) = Vksvk(sn-i-T)'

i=0
i11) For even s,
n _ Aln/2] Ul Uk (sntr) if n is even,
Z <Z) (71)1 Uk(r+2si) = (29)
i=0 —A2IUR Vi (sniry  if 0 is odd,
and for odd s,

" n . o
() (_1) Uk(T’JFQSi) = (_1) Vk:sUk(anrr)-
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i11) For even s,

n A"/QU,?SV;G(S”M) if n is even,

Z <TZL) (-1)’ Vi(ry2si) = (2.10)

i=0 —ACHD2UR Upsniry  if 0 is odd,
and for odd s,

" n . o
(’L) (_1) Vk(T’JFQSi) = (_1) Vkst(sn+r)~
0

1=

Proof. From (2.5), (2.6) and Lemma 1 , the proof is obtained. O

Theorem 1. Let a,b,c and d be any integers. If b+ d =2 (mod4), then

n

n
Z (z) Uk(a+bi)Uk(ctdi)

=0
A(n—l)/2 (U]?(b-i-d)/Q Uk(n(b+d)/2+a+0)

\  (hod . if n is odd,
+ (1)t Uiy /2 Uk(n(v—d)/2+a—c))

Aln=2)/2 (Ulg(b+d)/2 Vi(n(b+d) /2+a+c)
- (=1 U}?(bfd)/g Vk(n(b—d)/2+a—c))

and if b+d = 0(mod4), then

if n is even,

n
=0

n 1 n
Z (z> Uk(atvi)Uk(crdiy = A (Vk(b+d)/2 Vi(n(b+d)/2+a+c)

c+n(b—d)/2
— (~1)tno=/ Vito—ays2 Vin(b—dy/2+a—c)) -

If b+ d =2 (mod4), then

n

n
Z <Z) Vi(atbi) Vi(etdi)

=0

c+(b—d)/2
A/ (Ul?(ber)/z Untn(vtay/2+ate) — (=1 T

n if n is odd,
XU ay 2 Uk(n(o—d) /2+a—c))
An/? (Ug(b+d)/2 Vi(nb+d)/2+ate) + (—=1)° Fb—d) /2
X Vi(n(b-d) /24a—c))
and if b+d =0 (mod4), then

if n is even,

n

n n
E <Z> Vietatvi) Viserdi) = Vi(ogay/2Vi(n(b+d) /24a+c)
1=0

c+n(b—d)/2 v rn
+ ()T CTVEYE ) Vi) 2+a—o)-
Ifbo+d=2 (mod4), then
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" /n
Z (z) Uk(atbi) Vi(etdi)

=0

n— n C"Fu
A (U Vetntoazvare = (CDT

XUgy—ay /2 Vi(n(b—d)/2+a—c))
An/? (Ul?(b+d)/2 Uk(n(b+dy/2+ate) T (—1)° Ulto—ay /2
X Up(n(b—d)/2+a—c))

if n is even,

and if b+ d =0 (mod4), then

n

n n
(Z> Uk(a+bi) Vi(erdi) = Vi(ord)/2Uk(n(o+d) /2+a+c)
1=0

c+n(b—d)/2 v rn
+(—1)Hmd/ Vi(o—dy/2Uk(n(o—d) /24+a—c)-
Proof. Consider

n

n
Z (Z> Uk(a+bi)Uk(ctai)

=0

n
n aF(atbi) _ gh(atbi) aF(etdi) _ gh(etdi)
= 2, = =

=0

1 n 4 |
= T3 Z (?) (a’f(a+c+(b+d)z) + ﬁk(a+c+(b+d)z)

_ (_1)c+di (ak(achr(bfd)i) +Bk(a—c+(b—d)i))>

n
_ n c+di
A1 E (z) (Vk(a+c+(b+d)i) - (=1 " Vk(afc+(b7d)i))'
i=0

For even integers b and d, we get

n
> (1) Ukavi Un(etai

=0

U? n n
= Ti‘l <Eo (") Viatet prayiy) — (—=1)° Vk(ac+(bd)i)) .

When b+ d =2 (mod4) and n is an odd integer, using (2.8), we obtain

n
n—1
2

n n
(l) Uk(atbi)Uk(erdiy = A7 (Ugpta) 2Uk(n(o+d) /2+a+c)

i=0
= (=1)° Ul?(b—d)/?Uk("(b—d)/2+a—0))' (2.11)

For odd integers b and d, we write

n

n
Z (z) Uk(a+bi)Uk(ctdi)

=0

B n n ) v
= A! (Z (Z,>Vk(a+c+(b+d)i) - (_1)('+dz Vk(ac+(bd)i)) .
=0
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When b+ d =2 (mod4) and n is an odd integer, using (2.8) and (2.10), we derive

~ n n—1 n
Z <i)Uk(a+bi)Uk(c+di) = A7 (Upta) 2Uk(n(o+d) /2+a+e)
=0

+ (=1 Ugp—ay2Uk(nv—dy/24a—c))- (2-12)
From (2.11) and (2.12), for b+d = 2 (mod 4) and n is odd integer, the desired result

is obtained.
Using Lemma 2, the other cases are similarly obtained. (]

For example, when k =1,p=1,a=d =3,b =5,c =2 in Theorem 1, we obtain

n

n n
Z (i>L3+5iL2+3i =T7"Lanys + (=1)" Lpy1.
i=0

Theorem 2. Let a,b,c, d be any integers. If b+ d =0 (mod4), then

n n .
Z (l> (=1)" Uk(a+bi)Uk(c+di)
b—d

- ey bmd
A (_Ul?(b+d)/2 Uk(n(otdy j2tate) + (=172

- if n is odd,
XUbp—ay 2 Un(n(b—d)/2+a—0))

n—2 n n
Az (Uk(b+d)/2 Vin(p+d)/2+a+e) — (—1)° Uv—ay/2
X Vi(n(b—d) /24+a—c))
and if b+ d = 2 (mod 4), then

if n is even,

n

;) (1) (1) Uk(asbi)Un(eray = = ((‘Un Victotay /2 Ve(v+d)/2+a+e)
c n(b—d) n
— (=D Vi aye Vit-dyj2ta—c)) -

If b+d=0 (mod4), then
'Zo () (=) Vi(asvi) Vierai)
eqbmd
A/ (*Ug(ber)/z Uk(n(b+d)/2+a+c) —(-1) 77

n if n is odd,
XUis—ay 2 Un(n(b—d) /2+a—c))

An/? (Ul?(ber)/Z Vin(o+d) /2+ate) + (1) Uky_gy o
X Vi(n(o—d) j2+a—c))
and if b+ d =2 (mod4), then

if n is even,

n
n i n
Z (z) (=1 ViatviyViceray = (1" Vilpray2Vanrd)/2rate)
1=0

n(b—d)

c+—=— y/n
+ (D77 Vile—ay2Vi(nv—d)/24+a—c)-
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If b+ d =0 (mod4), then

n n ;
> (z) (=1)" Uk(atbi) Vi(etdi)
=0

b—d

e -+
<_Uk(b+d)/2 Visn(b+d) j2+ate) — (—1) 2 ——
XUkv-a)/2 Vi(n(b—d)/2+a—c))

Aln=1)/2

An/ (U&Hd)/z Uk(n(b+d)/2+a+c) T (1) Upp_ay o

if n is even,
X Up(n(b—d)/2+a—c))
and if b+ d =2 (mod4), then
Z ( > Uk(a+bz)Vk(c+dz) = (_1)n V&Hd)/zUk(n(b+d)/2+a+c)

1=
n(b d)

+ (=D Vi 2 Uk(n(v—d)24a—c)-
Proof. Consider

n
( ) Uk(a+bz) Uk((‘+d2)
=0

n : k(a+bi)_ﬂk(a+bi) ok (etdi) _ gh(etdi)
- a—p3 a—p3
0

1=

n i [ k(atet(b+d)i) k(atct(b+d)i)
E -1
(O‘_B)Q i=0 <Z>( ) (Oé +5

_ (_1)c+di (ak(a7c+(b7d)i) + ﬁk(a—c+(b—d)i)))

= AT Z < > (Vk(u+c+(b+d)z) — (-1t Vk(a—c+(b—d)i)) ~

For even integers b and d, we see that

n

n i
Z (z) (—=1)" U(atvi) Uk (c+di)

=0
— = n 7 c
= A7! (Z <z> (=1 (Vitarerrayp) — (—1) Vk(a—c+(b—d)i))> :
=0

When b+ d = 0(mod4) and n is an odd integer, using (2.10), we reach at the
result:

Z (z) (=1)" U(atbi) Ur(etdi)
i=0

(VE+4)"3 . S
ATTIT (_Uk(ber)/QUk(n(b-i-d)/2+a+c) +(-1) Uk(bfd)/QUk(n(b—d)/2+a—c))

n-1 n crmm
A2 (_Uk(b+d)/2Uk(n(b+d)/2+a+c)+(—1) Uk(b—d)/QUk(n(b—d)//+a—c))(2'13)
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For odd integers b and d, we conclude

> <z) (=1)" Us(a+bi) Ur(ctdi
=0

- n i e (1
= A 1 Z (’L) (_1> Vk(a+c+(b+d)i) - (_1) Z <i)Vk(CLC+(bd)i)

=0 =0

When b+ d =0 (mod4) and n is an odd integer, using (2.8) and (2.10), we have

> <Z) (=1)" Us(a+bi) Ur(c+diy
=0

= ACTDE(UR Loy o Uknrdy/24ate)

- (=" Urv—ay/2Uk(n(v—d) /2+a—c))- (2.14)

From (2.13) and (2.14), for b+ d = 0 (mod 4) and n is an odd integer, the desired
result is obtained.
Using Lemma 2, we get the other claims. O

When k=p=1,a=3,b=8,c=5 and d = 4 in Theorem 2, we get

5("71)/2 (_SnL6n+8 —+ L2n72) lf n iS Odd,

Z; <Z) (71) F3+8iL5+4i o { 5”/2 (87LF6n+8 - FQW,Q) if n is even.

3. CONCLUDING REMARKS

This paper consider the sums including various products of terms Ug(q4)
Vi(e+aj) and alternating analogues of them, where U, = X,, (p,1;0,1) and V;, =
Xn (p,1;2,1) for a positive k.

In [7], the same kind of sums given in this paper with using more general se-
quences u, = X, (p,q;1,0) and v, = X,, (p, ¢; 2, p) without adding a new parameter
k in indices of the sequences are considered.

The results of this paper are represented by the generalized Fibonacci and Lucas
numbers, but the results of [7] are given in closed forms. Similar results in closed
forms for Horadam sequence, {X,, (p,q; a,b)}, can be found in [10].
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