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Abstract

In this paper we find a general approach to find closed forms of
sums of products of arbitrary sequences satisfying the same recurrence
with different initial conditions. We apply successfully our technique to
sums of products of such sequences with indices in (arbitrary) arith-
metic progressions. It generalizes many results from literature. We
propose also an extension where the sequences satisfy different recur-
rences.
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1 Introduction

We consider a generic (nondegenerate, that is, § = /p? — 4q # 0) binary
recurrence satisfying

Xni1=pXp—qXp_1,n€Z (1)

with some initial conditions. Let «, 8 be the roots of the equation z? — px +
qg=0,and so, a4+ 3 =p,af = q,0 = o — 3. We associate the companion
Lucas sequence L,, which also satisfies (1) together with Ly = 2, L; = p,
and so L, = o™ + (™.



Let {Uéj )}1;:1 be a set of p binary sequences, all of which will satisfy the
recurrence (1) with some initial conditions, such that the Binet formula for
these sequences is

U’r(z]) = AjOén + Bjﬁn, n € 7,
where A; = w, Bj = M

For easy notation, we will denote the recurrence {X,,} given by (1) by
{X, (p,q,a,b)} where a = Xy and b = X are initial conditions of it.

Several authors investigated products of two terms of a sequence or prod-
ucts of two sequences, and also, the sums of these products. As a first ex-
ample, note that the sum of square terms of Fibonacci numbers [7, 8, 12]
is

n
> F? =F,Fy1.
=1

The sum of products of variable subscripted terms of certain second order
recurrences have been considered by several authors. For example (see [11])

n
ZFiFiJrZ = Iyyp1lbongo — 1,
i—1

n
Y FFi = Fh—1,
=1
n
> FoiiFhys = (3F3, 4 —2F3, +Tn—1)/5.
=1

Certainly, the classical Fibonacci, F, and Pell numbers P, are F;,, =
X, (1,-1,0,1) and P, = X,, (2,—1,0,1). Generalizations of the above sums
by taking different recurrences and their variable subscripted terms have also
been studied. For example, in [9], the author found >} | F;P;. Melham [10]
looked at the sum of the squares of the sequence {X,, (2,1,0,1)}. Recently,
in [2, 3, 4, 5, 6], the authors gave several formulas for sums of squares of
even and odd Fibonacci, Lucas and Pell-Lucas numbers, and their sums of
products of even and odd subscripted terms. Also the authors of [1] estab-
lished several formulas for sums and alternating sums of products of certain
subscripted terms of recurrences {X,, (p,¢,0,1)} and {X,, (p,q,2,p)}.

It is our goal in this paper to propose a general approach for the theory of
closed forms for sums of products of nondegenerate second-order recurrent
sequences, thus generalizing many of these kind of results that the reader
can find scattered throughout the literature.



2 Main Results

Let P(n) be the power set of {1,2,...,n}, that is the set of all subsets of
{1,2,...,n}. Given a sequence of p functions f;(i), 7 = 1,...,p, for all
M € P(p), we let Far(i) = > e fe(@), Fyp(i) = 0, and for simplicity, F'(i) =
Fpy,.. (i) = S0, fo(i). Let us define a set of twisted product sequences,
indexed by the sets M € P(p), in the following way: for a set M € P(p),
we let WT(LM) be a (M -twisted product) rational sequence satisfying (1) with
the Binet formula

wiM = [ TT 4 [T Be| "+ | I Bi IT 4x | 8™

jeEM  kgM JEM  kgM

Further, we use M = {1,2,...,p} \ M, for the complement of the set M

in {1,2,...,p}. We shall first show that WT(LM) is a rational sequence, even
more precise that Wit e 621,1_1 7.

Lemma 1. For any integer n, the twisted product sequences satisfy
M M
Wit = g wi). (2)
Proof. Straightforward using the Binet formula.

Theorem 1. For p,n € Z, we have

won e L 4

n 62;071

Proof. We will prove the claim by induction. First, we let p = 2, and
consider two sequences U, = A1a"+B18",V,, = Asa"+ By " (for simplicity
of notations). We write the superscript sets as {a, ...} instead of ({a,...}).
The associated twisted product sequences are

Witb2 = A A" + By Byf",
Wit = A;Bya” + B A8,
Wizt = AyBia™ + A1 ByS",

W9 = BiBya™ + A1 48"

Since our index n runs through the entire set of integers, by Lemma 1, it
will be sufficient to consider only the case of W#’Q}, and Wil}.



First, using the expressions for Aj, As, By, By in terms of initial condi-
tions of U,, V,, and simplifying, we get

62(A1Ay + B1By) = 22U Vi — p(UpgVi + UiVp) + (p* — 2q)Up Vo € Z
62(A1Asa + B1ByB) = pUVi — 2q(UL Vo + UoVi) + pqUoVy € Z.

Further,

§%(A1By + B14s) = p(Uh Vi + Vi) — 2qUoVy — 2U1 V4 € Z
82 (A1Baa+ B1AsB) = (p* —2q)Ur Vo — p(UoVoq + U1 VA) + 2UgViq € Z.

Now, let U, € Z and, from the induction step, assume that V, €
—++7Z. As before, writing 52W6{1 2 52W1{1 2 52W(3{1} 52W1{1} in terms of
Uy, U1, V, V1, we see that each term in these expressions contains only one
Z, and therefore I/V{1 2 W{l} 5%” Z,
i = 0,1. Certainly, since the initial terms of the twisted product sequences

factor based on either Vy, or V7 € 2p —

. . M
are in J%Z, SO is WT(L ). ]

We show now our general approach to finding sums of products of recur-
rences.

Theorem 2. Given a set of p functions f;(i), j =1,...,p, such that f;(i)—
fe(7) is a function of j, € only and it does not depend on i, we have

ZHU% > Zq TOWGED o r

i=0 j=1 Me7>

Proof. First, we associate to every set M € P(p) a bit string e of length
p in the usual manner (a 1 bit appears in the bit string if and only if its
corresponding position appears in M, otherwise the bit is 0). For € € Zb, we
let wt(e) to be the Hamming weight of the bit string €, that is, the number of
I’s in its expression, and supp(e) = {i1 < iz < ... < iy} to be the support
of € (the positions where 1’s appear in €). Certainly, supp(e) C {1,2,...,p}.



Next, we compute the product

p
U}fgi) _ Hl(Ajafj<i)+ Bjﬂfjm)
s

p

7j=1

p
= S° A7 B “ash@p-a)i@

e=(€1,...,ep)€ZE J=1

= % Z H H AjBkaZ]Esupp(e) f] (i)ﬁzkgsupp(e) fk(z)

ecZb \jesupp(e) kZsupp(e)

+ 11 I1 Ay B;piesumno 1) g2 kgsuppe) 11 (0)
j€supp(e) k&Zsupp(e)

N

Z (aﬁ)ZjQM f3 (@) H H AjBkaszM Fi) =2 gar fi (D)
MeP(p) JEM k&M

+ [T TT AB;s=sem HO-Eseu 50

jeEM kgM
1 F(i)—F (3) 15, (M)
Y Z q" M()WQFM(i)fF(i)’
MeP(p)

from which our theorem follows easily. I

Obviously, if the sum ;" qF(i)_FM(i)Wz(%z(i)_F(i) can be simplified,
then the previous theorem takes quite an attractive form. The rest of the
paper is devoted in finding various functions f; for which such a sum can
be computed. Many papers are investigating sums of products of very few
recurrences (mostly two) where the indices are very specific linear functions.
We will attack this case in its full generality here and solve it completely,
by taking f; to be arbitrary linear functions.

Let W,, be our generic sequence satisfying (1) such that W,, = Aa™ +

BpA", and recall that L, = o™ + " is the companion Lucas sequence.

Lemma 2. For a,b,c,d € Z, we have the generating function

- qub(n+2)Wc+dn - Jjb(n+1)Wc+d(n+1) - qudWc—d + Wc

a+bi _ .a
E T Werdi = T
o ctdi x?bqd — 2Ly + 1
1=




Proof. Using Binet formula for W,,, we obtain

Z xbiWc+di — AaC Z(.%’bad)i + Bﬁc Z(xbﬂd)z
=0 1=0 =0
(.beOéd)n+1 -1 (xbﬁd)n—l-l -1

= Aa° + Bg¢

zbad — 1 b8t — 1

A.%‘b(n+2),8d0éc+d(n+1) _ Axb(n—i—l)ac—‘rd(n-‘rl) _ ACCbO[ch + Aaf

+Bwb(n+2)adﬁc+d(n+1) _ Bxb(n—}—l)/@c—i—d(n—f—l) _ Bxbﬂcad + Bj°

22 (af)? — zb(ad + %) + 1

qub(n+2)(Aac+dn + Bﬂc+dn) _ mb(n+1)(Aac+d(n+l) + Bﬁc+d(n+1)>

tab (Aot B 1 (Ao 4 B
28 — 2L, + 1
qub(n+2)Wc+dn - xb(nJrl)Wc-‘rd(n-i-l) — qudWC_d +We
22bgd — 2L, + 1 .

Taking W,, = u,, = X, (p, ¢, 0, 1), we reach at the following result:

n

; Vian4r+2 + Ur—2
_1 (] J— _1 n
;:0 (=1)" tpyai = (=1) s

where v, = X, (p,¢,2,p). One can also find this result in [1, Lemma 5].
Let f;(i) = a; + bji be linear functions. Under these conditions,

p
F(i) = Fy(i) = ) (aj+bji) = > (aj + byi)
j=1 jeEM
= Z a; | + Z bj 1= CL(M) + b(M)Z,
JEM JEM
where we use the notations a() = > jgm @ and b)) — > jgar bj- We shall

also use aM) = diem @ bM) — > jen bj- Further,
2Fy (i) — F(i)) = Y (aj+bji)— > (a;+bji)
JjEM JEM
— <a<M> _ a(M)) n (b(m _ b(M)) i
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_Applying Lemma 2 with = := ¢, a := a(M),b = b(M), ¢ = aM —
aM) q .= pM) _ p(M) and using Theorem 2 we obtain our next result.

Theorem 3. Given a set of linear functions f;(i) = aj + bji, and binary

sequences U]Ej) satisfying (1) with some initial conditions, we have

b 450D (n4-1) 177 (M)

n p VI VI
@ _ ! D) a(M) —a(¥1) 4 (b(M) —p(31))
> 15w = 5 > «
i=0 j=1 MeP(p)
_ M (1) (M)
q Wa(l\/l)_a(M)+(n+1)(b(1W)_b(M))
M) (M) (M)
q () 4 (i) vy T W) _gom)

%) (a1)
qb —¢ Lb(

my_poin) 1

3 A Particular Case

To understand our general result better, we shall consider now a particular
case of two binary recurrences, which is the case most often encountered in
literature. Let Uy, V,, be two binary recurrent sequences satisfying (1) with
some initial conditions. The Binet formula indicates that

Uy = Aia"+ B1g",
Vo = A204n+B2/8n7

As before, we take the twisted products Wél’Q},Wél}, satisfying (1),
with initial conditions Wd{l’Z} = A1 Ay + BB, WI{I’Q} = A1Asa + B1B>j,
Wd{l} = AlBQ—I-BlAQ, Wl{l} = AlBQOz—I—BlAQ,B, so that Wélg} = AlAQCJén—I—
B1B>5", and Wil} = A1Bya™ + B1AsB™. From Theorem 1 we know that

{El}, L2 e (s%Z. We next consider the example f1(i) = r + ki, fa(i) =
s+ ki.

Theorem 4. Let k,7,s be fixed integers. We have

n k(n+1) _ 1
1} 9
Y UpiniVorwi = qSWLikil
i=0 ¢
2k 17112} {1,2} 2k1r11:2} {1,2}
+q Wr+s+2kn - Wr+s+2k(n+1) —dq Wr+s—2k + WT+S
g% — Loy + 1 '



Proof. First,

UrikiVorki = (A1a"H 4 Bi BT (Ay0° ™ B, pothY)
= (A1A2a7“+s+2ki + BlB2Br+s+2ki)
+(Ay By TR gs TR L Ay By ST g

_ Wr{Jlr’sQika + qs+ki(AlB2ar—s +A2BIBT_S)

1,2 sakitrrll
= Wj—i—s—i?k’i +q E Wr{—}; (3)

In the notations of Theorem 3, the previous product will be

1 . . 4 .
L (a0 ()AL fi(0) A2
2@1 TWire T Wt -ne TC Whi-na)

(1.2} A2 i
”%@mwyﬁﬂm+q2wmwmw

Using (3), we separate the sum Y " ( Up1;Vsiri into two sums. First,

n A n ) k(n+1) _ 1

s+ki s i s q
E gtk Wﬁi =q W,,{i (") =q¢q WT{E Fo1 (4)
=0 =0

(we could have also used Lemma 2 with x := ¢, a = s,b=kand c =r—s,d =
0). Next, using Lemma 2 with 2 := ¢, a =b=0and c = r + s,d = 2k, we
get

zn: Wyegs — 0 Wiyon = Wipaner) = ¢ Wio + W,
— Hh qe —Ly+1 '

and the second sum becomes

2k (1,2} {1,2} 2k {1,2} {1,2}
: W{1,2} B q Wr+s+2kn o Wr+s+2k(n+1) —4q Wr+372k +Wiis
Z r+s+2ki q2k _ L2k +1 ’
i=0

which finishes the proof of our theorem. I
It we take Un = Xn (pa Q707 1) a’nd Un = Xn (p7 q, 27p) (p 7& 07 V p2 - 4q 7&
0), then by required arrangements, we obtain for k = 2

n
Vintr+s+2 — Ur4s—2 — P (n + 1) qrus—r
E Ur42iVs+2; =

p(p? —4q)

=0

which is the main result of [1, Theorem 1].



4 Further Extension

Presumably, one can take the same approach as we have done it previously,
for sequences determined by different recurrence relations, but the compu-
tation becomes more difficult. However, there are instances when one can
get similar results. Let X,gj ) (j = 1,2,...,p) be arbitrary sequences satis-
fying some second-order recurrences (with integer coefficients) with Binet
formulas X(J) Ajal + BjfB}, where X(]), ij) € Z and aj + f;,a;8; € N.

As before, we define the p-twisted product sequences

WM =1 I 40 11 Besi: |+ I] Bje™ IT Arsm

jeM kgM jeM kgM

Let the associated Lucas sequences be defined by Ly, n,. . n, = a1 ab? - ap”+
B?IIB;Q . zp_

Certainly, the next theorem can be extended to any sum of products of
p sequences, indexed by linear functions, using the above twisted products,
but it is obviously more difficult to formalize the result. We shall give an
instance of such a result, however we do not include the proof, since it goes
along the lines of the proof of Theorem 4. Let a; + 8, = p,a18; = ¢, and
ag + By = 1,285 = 5, where p,q,r,s € Z, and p? — 4q # 0,72 — 45 # 0.

Theorem 5. If f,g: N — N, then

W x@ _ ({12} {13
ZXfo Xon =2 (meg(j) + Wf(j»g(j)) '

j=1
Further, if a,b,c,d € N, then
{1,2} {1,2} {1,2} {1 2}
Z xW x® 4“5 Wan'sbenta ~ 5 Woaa—c = Wainrn)spetnrn+a T W,
aj+b cg+d qs¢ — La,c 1 .

Besides the usefulness of the defined twisted products (based on the
same recurrence) in the computation of sums of products, one could also ask,
independently, about the arithmetic, or primitive primes in the factorization
of these products (multiplied by an appropriate power of the discriminant
d, cf. Theorem 1), but we shall investigate that elsewhere.
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