SUMS OfF GENERALIZED FIBONACCI NUMBERS BY
MATRIX METHODS
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ABSTRACT. In this paper, we consider o certain second order linear
recurrence and then give generating matrices for the sums of posi-
tively and negatively subseripted terms of this recurrence. Further,
we use matrix methods and derive explicit formulas for these smus.

1. INTRODUCTION

The Fibonacci sequence is defined by the following equation for n > 1
Fﬂ+l =FH+FH-1:'

where Fy = 0 and F; = 1. The Fibonacci numbers have many interesting
properties. For example, the sums of the Fibonacci numbers subscripted
from 1 to n can be expressed by .a formula including Fibonacci numbers.

‘I'he sums formula is given by

> Fi = Fpip — F1.

i=1
Matrix methods many times have played an important role stemming from
the number theory [1-5]. For instance, let B be an 2 x 2 companion matrix
as follows

1 1
s-[11]
Then it is well known that .
n __ En.+1 Fn
B il l: Fﬂ Frlm'l ] l

Now we consider a generalization of the Fibonacci numbers. Let A be
nonzero integer satisfying A? + 4 # 0. The generalized Fibonacci sequence
{u,} is defined by the recurrence relation for n > 1

Upt+]l = Auﬂ o gy (11)

where ug = 0 and u; = 1. For later use, note that ugs = A, uz = A% +1
and ug = A% + 2A. When A = 2, then u, = P, (nth Pell number).
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Let @ and g be the roots of the equation 24 — Az — 1 = 0, then the Binet
formula of the sequence {u,} has the form
o ,5”
=8
Using the recurrence relation of sequence {u, }, we can obtain the negatively
subscripted terms and these terms satisfy

3

R — bt
=TT
Since aff = —1, then we have
U = (-1)" gy, :?.nd U—pn = AU_(ny1) + U_(n42)- (1.2)
Thus for later use u_y = 1, u_g = —4, u_3 = 42+ 1 and u_y4 =

— (4% +24).
Furthermore, by the inductive argument, one can easily verify that the
generating matrix for the sequence {u, } is given by

= 1r=[“ﬂ—+1 ey | (1.3)

1 0 Up Up—1

In this paper, we construct certain matrices, then we compute the nth
powers of these matrices which are the generating matrices for the sums of
the positively and negatively subscripted terms of the sequence {un} from
1 to n.

2. GENERATING MATRIX FOR THE SUMS OF THE POSITIVELY
SUBSCRIPTED TERMS OF THE SEQUENCE {u,}

In this section we consider the positively subscripted terms. of the se-
quence {u,} and then define a 3 x 3 matrix C. Further, we compute the
nth power of the matrix ¢ and use matrix methods for the explicit formula
for the sums of the terms of the sequence {u,} .

Define the 3 x 3 matrix C as follows

T 0 @7
o= | 1 A 1 (2.1)
L0 1L 0
and define the 3 x 3 matrix E,, as follows
o 0 0
Eﬂ, — S;.i- Un4 Un ’ (22)
: 8o 1 T e ]
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whore 91 denote the sums of the positively subscriptod terms of the He-
quenee {uy b from L to n, thab is

T

S;l_ = Z’H;i. | (23)

1

Then we have the following Lemma.

Lemma 1. Let the matrices C and E, have the forms (2.1) .and (2.2),
respectively. Then forn, n >0 7

E, =C™ | (2.4)

Proof. We will use the induction method for the proof of Lemma. Ifn =1,
then, by us = A, u; = 1 and ug = 0, we obtain '

P11 87 T % .0 @ |
Cl=1|1 A 1|=1{S8 u w |=2E.
_0 1 0_ _SS_ U1 *u,;;._
If n =2, then
F 9 0 0 ]
(F= 1 Asi AP4L1 A 1. .
1 A 1

Since S; = A+1and uz = A2 + 1. Ey = C*. Suppose that the claim 1s
true for n. Then we will show that the equation holds for n + 1.7 Thus, by
our assumption, we write ’

crrt = OO =E.C

" & 0 0o 11 0 0

— ST-I,,_ Un+1 Un I A 1
s S:__l Un uﬂ—l e U 1 O J c

which, by a matrix multiplication, satisfies
i 1 0 0
Oﬂ'+1 = S: + Up+1 Aﬂn+1 4+ Up, Un4+i = En+1.
i S:_j = P Auﬂ. -+ 2. Unp

By the recurrence relation of the sequence {un} and since St 4+ upgr =
S+ ., we have the conclusion. o

Consequently, we obtain a generating matrix for the sums of the terms
of the sequence {u,} from 1 to n.
Also we write the Eq. (2.4) as shown

Eﬂ+1 = E,E1 = 1 Ey. (25)

" In other words, the matrix F; is commutative under matiix multiplication.
Then we have the Corollary.

29



Corollary 1. Let the sum S,/ have the form (2.3). Then the sum 57
satisfies the following nonhomogeneous recurrence relation for n > 0

Proof. From (2.5) and since an element of En_]_l is the product of a row E;
and a column of E,

ST’I-‘-I-]. _"AS++S+ 1"'!‘“].

which is desired.

Now we are going to derive an explicit formula for the sum S}. Let
K¢ (A) be the characteristic polynomial of the matrix C. Thus,

I—3} B "0
Ke(M)=| 1 A-=-Xx 1 [=0-1)(=-22+4r+1).
0 1 —A
Also 1t is easily seen that the characteristic polynomial of the matrix W

given by (1.3) is =A% + A\ + 1. Therefore the eigenvalues of the matrix C
are

A+ VA2 +4 A4 /A2 +4
\/2 s , Ay = \/2 s and A\ = 1.
Since A # 0 and A° 4+ 4 # 0, we have that the eigenvalues of the matrix C
are distinct.
Let V be the 3 x 3 matrix defined as follows:

Ay =

1 0 0 ]
V=1 32X\ XA |, (2.6)
L F 11

where A1 and Ay are the eigenvalues of C. Note that det V = A\; — Ay # 0.
Then we have the following Theorem.

Theorem 1. Let ST denote the sums of the terms of the sequence {u,} .

Then
Un+1 + Up — 1

A

Sy =
Proof. One can easily verify that

CV =V Dy,

where C' and V' are as beforé, ard D; is the diagonal matrix such that
Dy = diag (A3, A1, Ag) . Since det V' # 0, the matrix V is invertible. So we
write that V~!CV = D;. Hence, the matrix C is similar to the dlag-:nnal
matrix D;. Thus we obtain C"*V = VD%}.Since C™ = E,,,

E,V = VD?.



So hy o mobrix medtiplication, wo have the conclusion,

For oxample, it we take A = 2, then the sequence {u,,} is reduced to the
urnl Pell numbers and by Theorem 1, we have

iP__Pﬁ+l+Pﬂ"1
=i 2

which is well known from [10]. .

Now we give a formula for the sum S} by using a matrix method with
the following Corollary.

Corollary 2. Let S denote the sums of the terms u; from 1 to n. Then
[ur all positive integers n and m

=
Sjl_+?n ~ uﬂ“}'ls':“’!. + UHS;,—*I + STL
where u,, given by (1.1).

Proof. From (2.4), we can write, for all positive integers n and m

Eﬂ-]—m = EpnEp,.

Clearly
11 — . - —
41 0 0 [ ] 0 0 0 0 0
_:En.-i- () Untm+] Un+m — S—i g1 thy, S;::}; Ugpp 4 Uym
t ’5n.+:-n—] Un+mn Ungm—1 & d S-',l-j_‘-] thy Un—3 | S:;_'| Uy, Uy =
By n matrix multiplication, tlhe proof is casily seen. OJ

Note that taking by n = 1 in Corollary 2, we can obtain the result of
Corollary 1.

3. GENERATING MATRIX FOR THE SUMS OF THE NEGATIVELY
SUBSCRIPTED TERMS U_p,

In this section, we consider the negatively subscripted terms of the se-
quence {u,}. First, we give a generating matrix for the negatively sub-

scripted terms. Second, we give a generating matrix for the sums of these
terms.

Let the 2 x 2 matrix T be as follows:

-~ 1
r=] A 1] o
and the 2 x 2 matrix H,, be as follows:
Hn s |: ud(ﬂﬁkj} e } (32)
U_pn U_(n-1) :

where u_,, is the nth negatively subscripted term of the gequence {Un} .
We start with the following Lemma.

27



Lemma 2. Let the matrices T and H,,

have the form (8.1) and (3.2),
respectively. Then forn > ()

Proof. (Induction on n) If n =1, then, by the identity (1.2), we have

il i =4 11 lwus u;
1 0 Wi o |

Ifn =2 then
m_ | A2+1 -4
. o . .

Since by (1.2), we have u_, = ug=A%+1, u_5 = —gy, =

—A and U_1 = 1,
we have

A2+1 '—'A
2 =
T—-lj 1 1 J—HQ.

We suppose that the equation holds for n. Then we show that the equation
holds for n + 1. Thus, by our assumption,

Tﬂ-f-l - THTI

i T‘-"*—{n-[—fl} U_n —A4. 1
U_p U_(n-1) 1 0 |-

Since the negatively subscripted terms of the sequence {u, }
currence relation u_,, = Au_(ﬂ+ 1) FU_ (4o

satisfy the re-

), we have u_ oy = ~AU_(nt1)+
Hyy. So the proof is complete.

Let S;; denote the sums of the negatively subscripted terms of the se-
quence {u,}, that is

S; = iu*i. (33)
|3

Now we give a matrix method to

generate the sum S . Define the 3 x 3
matrices K and Q,, as shown

I C 4 0 g.. ~
H= 1 -4 1 and Qn == S,; U_(n+1) U_n : (3.4)
[ 0 1 0 2 i S?:—I U_p u—(n~1} 4

Then we have the following Theorem.

Theorem 2. Let the matrices R and Q, have the form (3.4). Then for
n >0

R" = Q. (3-5}
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Mroof. (Tuduetion one) e o L then wo know that ST =u_y=1,8,: 0
fov 2 &€ 1, wey = =g e A, ug s (. Thus we obtain R = Q1. If n =2,
bty we have S = w.j + iy = —4 4 I, u_3 = usz and by a matrix
tnultiplication

\ - -

1 0 0
TR L= Bl A =0
. - i

huppose that the equation holds for n. Then we show that the equation
biolds for n 4 1. Thus, by our assumption, we write

R*! = R"R=Q.R
1 0 B 311 0 0]
= Bp - Toipaels Uiy 1 -4 1
. S?:ul U U—(n-1) | 0 1 0 :
e Sepg a5y +U_(n41) and by Lemma 2, we obtain T7t! = Q,.,4. So
we have the Theorem. | L]

In the following Theorem, we give a nonhomogeneous recurrence relation
for the sum S

Theorem 3. Let S denote the sums of the termsu_; for1 <i <n. Then
forn >0

?;—i-l P _'AS?: ¥+ Sn_—l + 1

Proof. Considering (3.5), we write Q11 = Q,Q; = Q,0Q,, and say that
the matrix @, is commutative under matrix multiplication. By a matrix
muitiplication, the proof is easy. ]

Generalizing R"™ = @,, for all positive mmtegers n and m, we can write
that Qr4m = QnQm = QmQ,. Thus we obtain the following Corollary
without proof as a generalization of the result of Theorem 3.

Corollary 3. Let S, denote the sums of the terms u_; forl < i < n.
Then for alln,m > 0

ntm = Sy + u—{_n+1_}5’;1 T U—nO,,_1-

Now we derive an explicit formula for the sums of the negatively sub-
scripted terms u_; for 1 < i < n. For this purpose, we give some results.
First, we consider the characteristic polynomial of the matrix 7. The char-

acteristic equation of T is Kp (A) = — (A —1) (A + 4A) — 1). Thus the
eigenvalues of matrix 7" are
~A+ VAZ +4 -A-VA2+4
= LA . andspu; = 1.

Note that A # 0 and A% 4+ 4 # 0, the eigenvalues of T are distinct.
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Let A be a matrix as follows

1 0 0
.- 2%
h A o o
1
2z 1 1

Then we have the following Theorem.

Theorem 4. Let S, denote the sums of the negatively subscripted terms
u_; for1 <i¢<n. Then forn > 1

= ko U(n+1) — U=-n

A

Proof. By the characteristic equation of the negatively subscripted terms
u._;, we can readily verify that

RA = AD.,

where Dj is the 3 x 3 diagonal matrix such that Dy = diag (43, t1, ;o) . Since
det A = py — py # 0, the matrix A is invertible. Thus we write A—!RA —
D, and so the matrix is similar to the matrix Ds. Therefore, we write
A='R™A = D} or R®A = AD2. Since R = Q,,, we have QnA = ADS Then
we have the conclusion from Q,A = AD} by a matrix multiplication.

Considering the identity (1.2), we have the tollowing Corollary without
proof.

Corollary 4. Let S, denote the sums of the negatively subscripted terms
u_; for 1 <1 <n. Then forn > 1

o= (Un — Unt1 + 1) /A if n is even,
" | (Unt1 —un+1)/A  ifn is odd.

For example, if take A = 1, then the sequence {u,} is reduced to the
usual Fibonacci sequence and by Corollary 4, we have the sums of the
negatively subscripted terms of the Fibonacci sequence for n is even number

D Fi=FR-F+Fi—...4Fp 1~ Fy=1-Fp,
1
and for n is odd number
ZF“iZFl_FE'}‘Fﬁ_---- n—l"l'Fn: R ol |

ACKNOWLEDGEMENTS

The author thanks the referee for a number of helpful suggestions.

30



A CAC ER DM I B

(1] . T Bropmer, "he Meoting, of the Pacific Northwest Seation. 1. Lueas? Matrix."
Amer, Math, Monthly H8 (LH61): 220-.221.
2] M. C. Br, "Sumy of IFibonneei inmbers by matrix moethods." The Fibonacer Quart.
29 (3) (1984): 204-207.
3] 1. Breolano, "Matrix generators of Pell sequences." The Fibonocer Quart. 17 (1)
(1979): 71-77. |
1] R. Honsberger. "The Matrix " 8.4 in Mathematical Gems 1L Washmgton, DC:
Math. Assoc. Amer., pp. 106-107, 19805.
5] E. Kilic and D. Tasci. "The generalized Binet formula, representation and smus of
the generalized order-k Pell numbers." Teiwancse J Math (to appear).
6] E. Kilic and D. Tasci. "On the generalized order-k Fibouacei and Lucas mnnbers.”
Rocky Mountain J. Math. (to appear).
7} D. Tasci and E. Kilic. "On the order-k generalized Lncas nmunbaors." Appl. Maih.
Comput. 155(3) (2004): 637-41.
18] S. Vajda. Fibonacei and Lucas numbers, and the Golden Scction, Theory and ap-
plications, Johu Wiley & Sons, New York, 1989.
9] N. N. Vorob’ev. Fibonecci nambers, Moscow, Nanka, 1978.
[10] J. E. Walton and A. F. Horadani. "Sowe properties of cortain generalized Fibonace
matrices." The Fibonacer Quart. 9 (3) (1971): 264 276.

TOBB UNIVERSITY OF ECONOMICS AND TECHNOLOGY, MATHEMATICS DEPARTMENT
06560 SOGUTOZU, ANKARATURKEY
F-mail address: ekilic@etu.edu.tr

31



