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A variant of the reciprocal super Catalan
matrix

Abstract: Recently Prodinger [8] considered the reciprocal super Catalan matrix and gave explicit for-
mulee for its LU-decomposition, the LU-decomposition of its inverse, and obtained some related ma-
trices. For all results, g-analogues were also presented. In this paper, we define and study a variant
of the reciprocal super Catalan matrix with two additional parameters. Explicit formulee for its LU-
decomposition, LU-decomposition of its inverse and the Cholesky decomposition are obtained. For all
results, g-analogues are also presented.

Keywords: Super Catalan numbers; LU-decomposition; Cholesky decomposition, g-analogues.

2010: 15B05, 05A05.

1 Introduction

For a given sequence ag, ai, ..., the Hankel matrix is defined as

ap ai a2
a; a2 as
az a3z a4

see [6].

Taking certain special number sequences instead of {a,}, some authors have defined and studied
various combinatorial matrices, see [2, 4, 5, 9]. There are also papers that concentrated on the reciprocals
of a given sequence: The Hilbert matrix is defined by

1
=|— 0<4,5< =0,1,...
Hn |:Z+]+1:|7 =nLJp=n, n Pt )

see [1-3]. As a second example, the Filbert matrix is given by

1
Fitjn

]—'n:|: ], 0<4,5<n, n=0,1,...,

where F), is the nth Fibonacci number, see [5, 9]. The last one is the reciprocal Pascal matrix with

-1
R = <Z?> ,0<i,j,
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see [10].
Recently Prodinger [8] studied the matrix A whose entries are the super Catalan numbers, 1('2;)('1(425;:
He derived analogues results for the matrix A with entries ’('231')(,1 éﬁ: . He also studied g-analogues of these

madtrices.

The Gaussian g-binomial coefficients are defined by

n| __ (@9,
k , (6D (G D)y’

where (z;q),, is the g-Pochhammer symbol defined by

(z59), =1 —a)(1—=q)...(1 —rq”_l) .

lim A
q—1 k o k ’
q

where ( k) is the usual binomial coefficient.

Note that

We can rewrite the entries of A via the usual binomial coefficients as follows

() () (7)

In the present paper, we define the matrix M = [m; ;] with

—1 —1 -1
2 +r 2j + s it

for 0 < ,j < n and nonnegative integers r and s. By the definitions of A and M, note that the matrix
M is a variant of the matrix A with two additional parameters. First we derive explicit expressions
for the LU-decomposition of M which leads to a formula for the determinant via H(KK” U, ;. Further,
we have expressions for the matrices L~ 'and U~'. Similarly we have explicit expres_sions for the LU-
decomposition of M~ = AB, and, for A~!, B~1. The latter expressions depend on the size N of the
matrix M ~'. Via this decomposition, we find that the entries of M ™! are integers. We denote the g¢-
analogue of the matrix M by M. We also give formulee for the g-analogues of all these results. Finally
we give expressions for the Cholesky decomposition of M when the matrix is symmetric.

To prove the claimed result, we firstly guess relevant quantities and then use the g-Zeilberger algo-
rithm (for more details, see [7, 11, 12]) to justify relevant equalities.

2 Decomposition of M

For the matrix M, we list here the formule that were found; all indices start at (0, 0).

oo (i) (2 (2 i+ i)
RV IAW j j i ’
Loty () (i) (2 (21 i)
2] ,] ] ] i i )
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v<z><% ) ) e
(e
()0 ) )
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Since det My =[], <i<n Uiy, we have the following formula

aetary = (-3 T <2i;1> <?><2ijr><2ijs>'
0<i<N

Now we give related proofs in some detail. Note that instead of proving that AB = M ~! it is more

J
)

B — N+7

convenient to prove the equivalent B~1A™! = M.

oo il )25 + ) ftj (k+j5-1)
2 ki = GG + otz + ot oY R G — i

il (@ )25 + )N (25 — ktj 2 k+j—1
= GG+ @i+ ) @) Z( S VR A

G2+ )2 -1
= TG + i@+ i@y A=)

=li=4].

> UikUij
k

itil (s — DG 4 7)N(25)1(2] +7)! Z _ )H»k k+J — !
T LG = DG+ N2 D2+ )] k){(k = )'(j — k)!

il (i — DG+ r)(29)1(25 + r)! Z itk L 1 2k kE+j—1
]](]—1)'(]-{—1")'(22—1)' 2i+r)! i+ k j—k
dil(i — DG+ r)l2)N (25 +r)!
TG = DG )i — 1)1+ 2
=li=Jl.
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> AikAL
k

GG = NG+ )NV +9)1(2i + s)! i k
= WAN — )i+ )N +5)1(2) + 5)! Z( Ol

k)'( —j)!
JULN = )G + $)UN +9)!(26 + 5)! Z )it i —J
ilil(i — NN — )i + )N + )25 + s)! —J

N NG N D@
TG — DN — )i+ sV + )25 +s)1 7

=li=y.

ZBMB,”

GG+ )2+ 8)! Y k 1
— ol 4 )12 + 5)! Z ' (k=) — k)!

B FNg + s)1(28 + s)! j
il — )+ s)N(27 + 8) 'Z( b +k< z)

g+ )N (28 + s)! i = ]
TG — )i+ sy s T

i=3].

ZBlk‘Akj

iyl 4+ )y Z N+k(N DN + BN — 5)!
(20472 +5 DN + )k = HUN +14)!

k

-1
il 4+ )G+ s)! )N N+k\(N+i
(204 7)1(25 + 9)!(i + 5)! Z( +< i)(k—j><i+j>
_ gl + )l + s)!

C (2427 + 9)1 )]
= M.

Now we compute an arbitrary entry of AB :

Z A; 1k Brj
%

_ (26 + 5)!(25 +7)! Z 1)N+L+]+k (N 4+ 9N — k)I(N + j)!
ety + s+ r)! (=) (N +E)G— k)N —HUN —i)!

(204925 +1)(E+ 4)! Z( D LRRAAL: N+i\(N—-k\[(N+j
a6+ )G ) - i—k ji—k i+]

C(2i+s\[2+r)(i+] Ntititk ([ N+i\[N—k\[N+j
() e () () ()
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3 Decomposition of the matrix M

it =1 r2iggr—1 pigit—1
First we recall that the matrix M has entries [Qquq [27].“] [”ﬂq . Then we have the following
q
formulee without proofs:

-1

Lo || 2] (2| it [2i 4 1
T J j i ’
q q 4q q L q
r r -1 -1
L-7-1 _ (—1)i+jq(i;j) 7 1+ —1 27+r 21— 1 2047
" j j j i i ’
qt q bt q q q
-1 -1 -1 —1
Uiy = (1) i3i-1)/2|J| [2¢—1 i+ 21+ 1 2] +s
Wi = a4 i i i i j :
q q q q q
U=t = (—1yig(ED=aG+ || i d =1 (27| |2t s |25+
“J i i j i j ’
q - q q q q
r —1
A= (_1)i+qu(j—i)+(1’g+1) 7 N| |N+1i| |2t+s| |N
I il i i i j
- q q q q q
-1 -1
« N+j 27+ s
J J ’
q q
-1 -1 -1
A7l = gD [11 lNl N+i| |2i+s N] N+j 2j + s
J i [ ( J J J ’
q q q q q q
B = (—1)N U= ()i [ 3| [N NG 2| 2
v il il | J j i |
q q q q
-1 -1 -1 —1
_ CONFLY (o N—i) | T N N +1 2i+7r 25+ s
Bl = (_1)N+Jq( 2 )=+ =) |J J
! il | i i j
q q q q q

4 Cholesky Decomposition of M

Related with the Cholesky decomposition of matrix M = CCT, we have that for r = s

C:i]\/i 1 2Z+r -1 Z+] -1
v JANK j
i j j i)

and
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Thus we write

il 4 )25 + ) yiho (k47 —1)!
ESQ*QV‘ng@+rmm+ww§: =R+ Bk =)

:i!i!i!(i+r)!(2j+7‘)!(2j—1)!Z(_l)j_ka 2 \(k+j—1
k

UGG+ )1 (26 + 7)1(20)! i+ k k—j
i+ i+ -1 ..
= 2 =
TG @i e =D
=fi=3l
The g-analogues of matrix C' and its inverse are
. . _1 . ¢- _1
Ci=ilg/®I™ 1)/4(1 j)1/2 i |2t v+
" J i J
q q dq
and -~
C;,jl _ (_1)jiiq(i;j)fi(3ifl)/4(1 n qi)1/2 Z ( +]. —1] |2 + T
J J J
q al q
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