NEW SUMS IDENTITIES IN WEIGHTED CATALAN
TRIANGLE WITH THE POWERS OF GENERALIZED
FIBONACCI AND LUCAS NUMBERS
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ABSTRACT. In this paper, we consider a generalized Catalan triangle

defined by v om
n <n — k)

for positive integer m. Then we compute the weighted half binomial
sums with the certain powers of generalized Fibonacci and Lucas
numbers of the form

n
> () i
b
prd n+k/ n
where X, either generalized Fibonacci or Lucas numbers, ¢t and r are
integers for 1 < m < 6. After we describe a general methodology to
show how to compute the sums for further values of m.

1. INTRODUCTION

Shapiro [6] derived the following triangle similar to Pascal’s triangle with

entries given by
k({ 2n
B L = —
n,k n (n . k) ’
1

which called Catalan triangle because the Catalan numbers C,, = e (2;)
are the entries in the first column.

Shapiro derived sums identities from the Catalan triangle. For example,
he gave the following identities:

Z (Bn’p)Q = anfl and Z Bn,an+1,p = an.

p=1 p=1
We also refer to [5] and references therein for other examples.
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The authors [4] gave also an alternative proof of the identities above and
established the following identity:

n

> (pBnyp)® = (3n = 2) Co().

p=1

In a somewhat different from the Catalan triangle, Kilic and Ionascu [2]
derived the following result: for any a € C — {0},

~ (2 1 "
> <nfk> (a* +a7F) = ot )" 4+ (n+1)C,.
p=1

The authors also gave applications to the generalized Fibonacci and Lucas
sequences, defined by

Up = AU, + Un—2,
Vn = Avnfl + Vn72a

where Up =0, U; = 1, and Vj = 2, Vi = A, respectively.
The Binet forms are

Un:a —F and V, =a" + 3"

o —

where a, 8 = (A +VA)/2 and A = A% 4 4.
For example, we recall one result from [2]:

- 2n o
’;) (n + k) Ui
. r—1
(2 )7 (2 D)) s e
t=0

r—1
(A2+4)"7 3 (—Dt+D P2, if r is odd.
t=0

We define a generalized Catalan triangle by taking m'™ power of sum-
mation index k as follow:

k™ [ 2n
Dri (m) = n <n - k)

When m = 1, the generalized Catalan triangle is reduced to the usual
Catalan triangle B, ;.

In [3], the author considered and computed certain binomial sums weighted
by the powers of the summation index.
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In this paper we consider the sums of the forms: for all nonnegative
integer m and a € C\ {0}

n

" 2n \ k™
S (n,m,a) := a* +(-=1)"a7").
> ()5 ¢ )

The sums S (n,0,a) were considered and exactly computed in [2]. We
first exactly compute the sums S (n,1,a). Then by using the value of
S(n,1,a), we compute S (n,2,a). So we will compute S (n,m,a) by us-
ing the value of S (n,m — 1,a) for the value of m, m = 2,...,6. Then we
describe a general methodology to compute further values of S (n, m, a) for
m > 6. Also we present applications of our results.

2. NEwW SuMs IDENTITIES FROM THE CATALAN TRIANGLE
Firstly we compute S (n,1,a). Before it we need to evaluate a partial
binomial sums by the following lemma. For partial binomial sums, we may
refer to [1].
Lemma 1. For any nonnegative integer t,
t .
> () (=0 -("7)
= 7 n t

Proof. (By induction on t) For ¢t = 0, the claim is obvious. Suppose that
the claim is true for k. We show that the claim is true for k£ + 1. Consider

(D)) 50D

which, by the induction hypothesis, equals

()67 )

which, by using the recursion of the binomial coefficient and the property

n+1 _n+1 n
E+1) k+1\k)’
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gives us
2n (2n—1 t+1 2n—1
— 1—— )+
t+1 t n t
2n —1 2
_ n n 1_tJrl 1
t t+1 n
_ 2n—1 2n 1 = 2n 2n—1
N t t+1 o\t +1 t
_ 2n —1
t+1 )’
as claimed. 0

Now we start with our first result.
Theorem 1. Forn >0

S(n,1,a) = Z (nQ_nk) k (a* —a ") = in (a—1)(a+ 12

k=0
Proof. Consider

which equals

- 2n op [(a%F =1 = 2n n—k ko
Z(n—k>ka <a—1>z<n—k>ka Zaj
k=0 k=0 §=0

n m 2k 2n t m
_ k n—k+j _ s t
(e =R u (T e

j= t=0 j=0

which, by Lemma 1, equals

2n
2n —1 _
Son(*) et =@

t=0
which settles the proof. O

As aresult of Theorem 1, by taking —a instead of a, we have the following
Corollary:

Corollary 1. Forn >0

n

Z (nﬁlk> (*1)]C k (ak _ a*k) _ n (7711) (CL + 1) (a N 1)271—1 .
k=0
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As a variant of the result of Theorem 1, we have that

n

(1 Vet e

n
k=0

which is a polynomial in a. Second we give the result:

Corollary 2. Forn >0

S(n,2,a) = ! (a+1)*""2 (n (a+1)* — 2a(2n — 1)) .

prs

Proof. Consider derivation of the RHS of S (n,1,a) :

d~~(2n\k,, & (2 \kd , .
a2 (n e e = () e

k=0
_ zn: 2n ﬁ(akfl_'_afkfl)
— n+k/n
I~/ 2n \ k2 _
= () e

k=0

1
= ES(n,2,a).

On the other hand by taking derivation of the LHS of S (n,1,a) gives

iS(n,La) _ 4 <1(a—1)(a+1)2”_1)

da da \ am
1 _
= W(a—kl)% 2(n(a—|—1)2—2a(2n—1)>.
Thus )
S (n2,a) = — (a+1)""" (n (a+1)%—2a(2n — 1)) ,
as claimed. O

We see that by taking derivation of S (n,1,a), we obtain exact formula
for S (n,2,a). The process of taking consecutive derivatives could be con-
tinued and so we get

Sm3a)=a"(a—1)(a+1)> 2 [n2(a+1)? —a@n—1)(2n - 2)] ,

S(n,4,a) =a " (a+1)"""*[n®(a+1)" —2a(2n - 1)
x ((Qn (n—1)+1)(a+1)> = (2n—2)(2n —3) a)],
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S(n,5,a)=a"(a—1)(a+1)*" " n*a+ 1) —a@n—1)(2n—2)
x ((Qn(n ~1)+1)(a+1)% - (2n—3) (2n — 4) a)}

and so

S(n,6,0)=a " (a+1)*"" I’ (a+1)°—-2a2n—1)[(a+1)"
+(n—1) (3n® —3n* +4n) (a + 1)* — 24 (2n — 3)
x ((a+1)% (3n% +5 = 6n) — 2a (202 — 9n + 10) ) ||

Generally taking derivative of S (n,m,a) gives a=S (n,m + 1,a). Since
we can’t find an operator or a general recursion rule for them, we couldn’t
derive a closed formula for the further values of S (n,m,a). We leave this
problem is an open problem.

3. NEw WEIGHTED HALF BINOMIAL SUMS

In this section, we present some applications of our results in order to
weighted analogues of the results given [2] including powers of the summa-
tion index with the even or odd powers of terms of the generalized binary
linear recurrences {U, } and {V,,} whose indices are also in arithmetic pro-
gressions as well as their alternating analogues. We prove the first result,
others could be similarly derived.

Theorem 2. Letn € NU{0} and r € N. If r is even,

- 2n orrar _ (27 Jop_o
Z<n+k)k UtkAT(r>2

k=0

r—1

n j 2r n— ;

+ A7 D (-1 <j >Vt?r_f) (Vi —j) — (=1)Y"2(20 = 1))
j=0

and, if r is odd and t is even,
n

2n orrar (27 oo
Z<n+k)kUtkA’"<r>2

k=0
r—1
n (27 on—2 2
+ Ar Z(—l)ﬂ (j >Vt(r—j) (th(Tfj) —2(2n — 1)) ,
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and, form > 1, if r and t are odd,

"2 _ .
S () Jevs = nar
k=0
r—1

x 3 (~1)intD (; >U2’(; 2 (nAUZ, )~ (~1)(4n - 2)).

7=0
Proof. Expanding U2’ by the binomial formula, consider
n
2n ) 99
> KU
P (n +k

n

1 2n 2r - (2r . .
[ — k2 —1)? (2r—j)tk itk
(a—B)QT;)(nM) j;)( ) <j)a ’

Since aff = —1, we write

n n

S (ori)evi =g X (e o ()

k=0
r—1
n Z(_l)j(lthk) (27‘) (a2 —)th a—2(r—j)tk):| 7
— j

which, by changing summation order and Corollary 2, equals

n (=1) (2:) S(n,2, (~1)™")

AT 2

n = 2r

" _ gt ., 2t(r—j)
- j}ﬂj}( 1y (J)s<n2< 1t C=)

t'r‘n

2n
27‘) "+ 1)

1)t7‘(n 1)

r—1

( 2n—2
ey 2
o

27’> gtn( 1)jtat(r7j)_|_(_1)t(r7j)6t(r—j))2n
j= O

—9(2n — 1)(=1)Tt=D ((—1)itat =D (_1)t(r—j)ﬁt(rfj))2n—2])

which, by the Binet formulas of {U,,} and {V,,}, gives us the claim. O
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Theorem 3. Forn >0

" AMTTUETE if t =0 (mod4),
> ()0 U = (-1t
k=0 Vtz/g*z if t =2 (mod4),
and, for even t,
Vs ? ift =0 (mod4),

(2

Z( " )kUtk:nUt

— \n+k _17r2n—2

k=0 TANC by if t =2 (mod4).
Theorem 4. Let n € NU{0} and r € N. For even r,

. 2n 27 2r __ 2r 2n—2
Z(n+k)k Vik _n(r)2

k=0
r—1
. 2r e .
+n Y (=1)7 <j )Vf(r_f) (nv;%r_j) + (=1)7*12(2n — 1)) .
7=0

For odd r,
(i) For even t,

n

2n 2v,2r _ 2r\ Jon—2
Z<n+k‘)k Ve =n 7")2

k=0

r—1

2

+n (;) Vi (nvfgr,j) —2(2n — 1)) , n>0
Jj=0

and for odd t,

- 2n ” n—
SRR

k=0
r—1
2r n B )
X Z ( ,)(_1)J Ut (me(,,,_j) —(-1)72(2n — 1)) ,n>1

Theorem 5. For event > 0,
n
2n )
> E3Usk
= <n +k
‘/;2/’2“4 (7”L21/'t2/2 —(2n-1)(2n — 2)) if t =0 (mod4),
= TlUt

An-2p2n (nQAU3/2 —(2n—1)2n— 2)) ift =2 (mod4),
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and, for all integer t,

zn: ( " )(_l)kngtk = (=1)"nU,;

n+k

k=0
An2 (n?AUf/2 +(2n —1)(2n — 2)) ift =0 (mod4),

X
Vst (n2V3, + (20— D(2n - 2)) if t=2 (mod4).

Theorem 6. For positive even r,
n r—1
2n 4y 72r 2r 2n—3 jtn 2r 2n—4
S, e = ()2 - e (v
k=0 j=0
[nSVt‘;H) H(=1)72(2n—1) (20 —2n+1) V]G, +4(2n—1)(n—1) (2n - 3)],
and, for odd r and even t,
n r—1
2n ) deror (27“) 9n—3 2r\  on_a
Z K2 =n 92n (3n—1)+nz ) V;(:L,)
= (n +k T o \J ’
X [n?’v;%rfj) —2(2n—1)(20% — 20+ V2, +4(2n — 1)(n — 1)(2n — 3)} :
and, forn > 2 and odd r,t,

n

r—1
2n i [ 27 :
V2T — p A2 _1yin [2n—4 { N
E <n+k) th =N ;ﬁo( ) j ) =) n t(r—7)

k=0

— (=1)2(2n — 1) (2n* = 20+ 1)AU,_;) +4(2n — 1)(n —1)(2n - 3)| .

Theorem 7. Let t be a positive even integer. If t =0 (mod4),

- 2n _
> (n N k) K Us, = nU, Vs~ 0(n' V), — (20— 1)(2n - 2)
k=0

X (20 = 2n + 1)V, + (20— 1)(2n — 2)(2n — 3)(2n — 4)),
and, if t = 2 (mod 4),
- 2n n— n—6
;:; <n N k) KU, = nA" U U (0 AU, — (20— 1)(2n — 2)
x (2n® = 2n + 1)AUZ, + (2n — 1)(2n — 2)(2n — 3)(2n — 4).

By using the presented results, one can derive many sums formulae sim-
ilar to the above sums formulae.
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