ASYMMETRIC GENERALIZATIONS OF THE FILBERT
MATRIX AND VARIANTS

EMRAH KILIC AND HELMUT PRODINGER

ABSTRACT. Four generalizations of the Filbert matriz are considered,
with additional asymmetric parameter settings. Explicit formulse are
derived for the LU-decompositions, their inverses, and the inverse ma-
trix. The approach is mainly to use g-analysis and to leave the justifica-
tion of the necessary identities to the g-version of Zeilberger’s algorithm
for some of them, and for the rest of the necessary identities, to guess
the relevant quantities and proving them later by induction.

1. INTRODUCTION

The Filbert matrix Fy = (hij)f»yj:l is defined by ﬁij = Fi+1j—1 as an
analogue of the Hilbert matrix where Fj, is the nth Fibonacci number. It
has been defined and studied by Richardson [10].

The Filbert matrix has been extended by Berg [1] and Ismail [2].

The present authors have generalized and extended this concept in a series
of papers [3, 4, 5, 6, 7, 9] to matrices with entries

1 1
and

Fxitjy+rEnri+)+r - Fxi+j+h—1)+r Lx(isj)4r - - DAGirith—1)4r

Here, A\, k > 1 and r > —1 are integer parameters and L,, are Lucas numbers.
In another direction [5], the matrices with entries

L)\(i+j)+r
Livg)+s

F(i+j)+r

and wv;; =
Fx(itjy+s Y

9ij =
were introduced; here s, r and A\ are integer parameters such that s £ r,
and r,s > —1 and A > 1. This was the first nontrivial instance where the
numerator of the entries is not equal to one.

All these extensions were driven by the search for “nice” explicit results:
explicit formulae for the LU-decomposition, their inverses, and the Cholesky
factorization.

Here, we go one step further, by allowing an asymmetric growth of indices.
We, however, confine ourselves to k = 1; for this instance, the inverse matrix
also enjoys nice closed form entries, which is no longer true for £ > 2. To
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be more specific, we introduce four generalizations of the Filbert matrix &,
and define the matrices 7, M, H and W with entries

Litpjtr

1 Fyitpj+r
) hl] = L )
Ai+pj+s

y My = Ia I and Wij =
ANi4pj+s Ai+pg+r

ti =
Y Fritujtr
respectively, where s, 7, A and p are integer parameters such that s # r, and
r,s > —1land A\, pu > 1.

Of course, because of these asymmetric entries, we cannot get a Cholesky
decomposition anymore.

Now we discuss our settings. Let {U,} and {V},} be generalized Fibonacci
and Lucas sequences, respectively, whose Binet forms are
o — A" 1 —g"
Up = il o 12Tl and Vo =at " =a"(1+¢")
a—p l1—gq

with ¢ = B/a = —a~2, so that o = i/\/q.

When o = 1+—2‘/5 (or equivalently ¢ = (1 —v/5)/(1++/5)), the sequence
{Uy} is reduced to the Fibonacci sequence {F},} and the sequence {V,} is
reduced to the Lucas sequence {L,,}.

When o = 1+ +/2 (or equivalently ¢ = (1 —+/2)/(14++/2)), the sequence
{U,} is reduced to the Pell sequence {P, } and the sequence {V,,} is reduced
to the Pell-Lucas sequence {Q, }.

We will mostly deal with the g-forms; translating the results back to the
the Fibonacci and Lucas world, say, is easy: We only have to systematically
replace 1 —¢™ by %Fn and 1+ ¢"™ by o™ L,, and replace what is eventually
left by its numerical values.

Throughout this paper we will use the notation of the g-Pochhammer
symbol (z;¢), = (1 —2)(1 —2zq)--- (1 — 2¢"1).
We rewrite the entries of the matrices 7, M, H and W in g-form:

bl Xiepg (i +r—1) I—q
v q 1 — ghitui+r’

o1 — gNitugET
Myi = iT_S 527‘ q
Lo q 1 — grituits’
1
1+ q)\i—i-uj-‘rr’

hij = i—)\i—uj—rq—%(Ai—i-uj—i—r)

g S=T 14 q)\iJr,ujJrr
Wi =1 q 2 T o Nitaits”
1+ qNTHI
In each of the four instances, we consider the LU-decomposition of the
matrix M = LU. We are able to get explicit formulee for L, U, L~!, U~!
and M1
As it was noted in the above cited earlier papers, the sizes of the matrices
do not really matter, and they can be thought as infinite matrices and we
may restrict them whenever necessary to the first N rows resp. columns and
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write Ty etc. This is not true for the inverse matrices; here, the entries
depend on N.

All our identities hold for general ¢, and results about Fibonacci and Lucas
numbers come out as corollaries for the special choice of ¢, as explained.

The important part is to find the explicit forms. This was done by ex-
periments with a computer algebra system and spotting patterns. This
becomes increasingly complicated when more and more new parameters are
introduced, as the guessing only works for fixed choices of the parameters,
and one needs to vary them as well.

Once one knows how the entries look like, proofs are by reducing sums to
single terms. For this, the ¢-Zeilberger algorithm is a handy tool. However
for the matrices M and W, the present versions of the g-Zeilberger algorithm
do not work, and we have to simulate it by noticing that the relevant sums
are Gosper-summable. To do this, some more guessing (with an additional
parameter) is required. Consequently, since all these proofs are routine and
somewhat tedious, we only present two typical examples. It would be a good
student project to work them all out in full detail.

As an illustration, we always write out the Fibonacci/Lucas cases for
ANu€{2,3andr=1,s=—1.

2. THE MATRIX T

We obtain the LU-decomposition T = L - U:

Theorem 1. For 1 <d <n we have
Ly, g = iMd=n) =3 Md=n) (05 M) n-1(g" T g a
n, - .
(0% @) n—a(q*; ¢*)a—1(gmHHHAn; git)g

Fibonacci Corollary for A =3, py =2 and r = 1:

Corollary 1. For1 <d <n,

n—1 d
( II F3t) (H F2t+3d+1)
=1 =1

n,

n—d d—1 d )
( IT F3t> ( IT F3t> (H F2t+3d+l>

t=1 t=1 t=1
Theorem 2. For1l <d <n we have

n— T 2
Uy, = i1—r—Ad—unqqu+rd—§+(A+u)%—%

(@ ¢N)a-1(1 —q) (q"; ¢*)n—1
(g THm A gA) g (g T gN) g (gH5 g ) p—a

Fibonacci Corollary for A =3, y =2 and r = 1:




Corollary 2. For1 <d<n
4 d—1 n—1
2)+d=1 (HFSt) (Hth)
t=1 t=1
d n—d d—1 :
(HF3t+2n+1) (HF2t) (HF2t+3d+1>
t=1 t=1 t=1

The inverses of the matrices L and U:

Udn:

)

Theorem 3. For 1 <d <n we have

L~ — (_1)nfdi)\(dfn) qAQQ (q)\; q)\)nfl (qr-l—;ﬁ-/\d; q“)n,1
n,d —

(%5 aM)n—a(a*; ¢*)a—1 (g T A" qH)p 1
Fibonacci Corollary for A =3, p =2 and r = 1:

Corollary 3. For1 <d<n

—)("E) <HF3t> (HF2t+3g+1)
(HF3t> <HF3t> (EFZtJrZSnJrl)

Theorem 4. For 1 <d <n we have

- _anl 42 — rypl or—
Udyll =q A +p S —pnd rn+2+2(_1)n+dlr 1+An+pud

(g Hrds gAY, g (g A g,
(1 =) (@ ¢*)n-1(a"; ¢")n-a(q"; ¢")a—1
Its Fibonacci Corollary for A\=3, y =2 and r = 1:

* X

Corollary 4. For1<d<n

(HF3t+2d+1> (HF2t+3n+1>
UCZ}L _ (_1)(g)+d—1 t=1

(gFm) <EF21‘,> <£{F2t)

As a consequence, we can compute the determinant of Ty, since it is
simply evaluated as Uy 1 ---Upn, n:

Theorem 5.
det Ty = i(u—A)(N;1)+N(1—r) IN?(uAr) =N+ LuN(N2-1)+ 5 AN (N+1)(2N+1)

NH d 1(¢"; ¢")a—1
T+)\+/Ld d(qT+M+/\d, q )d—l :

Fibonacci Corollary for A\=3, py=2andr=1:




Corollary 5.

det Ty = N+2 +N H

d—1
F3Fyy

F3d+2N+1 1 E3tranv1Forg3d 41

Now we compute the inverse of the matrix T. It depends on the dimension,
so we compute (Ty)

Theorem 6. For1l <n,d < N:
2 2
((‘)‘N)r_z,ll _ (_1)n—dir—1+,un+)\dqu%+>\%—uNn—>\Nd—Ns+%+%
(qr—i-;m—l-)\; )\)N(qr—l—)\d—l-u q,u) 1 1
(¢ ¢ n-a(a*; ¢ a-1(a"; ") N—n(g"; @)1 1 — g"THm AT — ¢
Remark. The inverse matrix and the other inverse matrices presented
in this paper were not computed using the inverses of L and U, but rather
obtained directly by our usual guessing strategy. While the first alternative
would mean that we would have to simplify a sum, the second approach

stays within our chosen method.
Fibonacci Corollary for A=3, p =2 and r = 1:

Corollary 6. For1 <n,d < N:

N N
(-2 DD+ <HF2t+3d+1> (HF3t+2n+1>

-1 _ t=1 t=1
(TN)n,d - N—n n—1 N—d d—1
( H F2t> (HF2t> (H th) (HF3t>
t=1 t=1 t=1 t=1
3. THE MATRIX M

We obtain the LU-decomposition M = L - U:

Theorem 7. For1l <d <n we have

1
Fonysart

. (@ )i (g4 gy 1 — q(A+u)@+/\(nfd)+r+s(d71)
n,d =

)

(@ qN)a-1(a qMn-a ("5 g)a | _ O DG ts(d-)
Fibonacci Corollary for A=2, p =3, r=1and s = —1:
Corollary 7. For1 <d <n,

d—1 d
Fr) (11 Firsaa)
<t1;[1 2 tl;ll srzd Fsa(dt1)/242n—3d+2
a1 n—d d Fsaas1y/2—d+2
(H th) ( I1 F2t> (H F3t+2n—1> (d+1)/2=d+
t=1 t=1 t=1

Theorem 8. For 1 <d <n we have

Uy :ir—sq()\—&—p)@—%ﬂ—&-ds (q 54 )d 1(qu'qu)n71
" (05 ¢ )n—a(q* 3745 V) (g T g 4y

n,d




1 — gt @D L) (n—d)+r+s(d—1)

* X 1—4"7%).
1— q(A+H)@—2s+r+dS (I=¢")

Fibonacci Corollary for A\=2, p =3, r=1and s = —1:
Corollary 8. For1 <d<n

Clli[ll F: 2t) Cl:[ll F: St)
le[j F3t) (j]jll F3t+2d—1> (f[l F2t+3n—1)

" F5q(a+1)/2+3n—1d+2
Fsa(a-1)/2—d+3

Ugp = (—1)" (-1 2)

)

The inverses of the matrices L and U:

Theorem 9. For1 <d <n we have
—)\d+#n2+¥n+r+s(n—2)

L;b — (_1)n—dq)\w+)\@—)\ndl —q
b 1 _ q
(@M1 (@)
(q)\; q>\>d*1 (q/\S q)\>nfd (qs—‘r}\n—i-u; qlt)n—l

Fibonacci Corollary for A=2, p =3, r=1and s = —1:
Corollary 9. For1 <d<n

n—1 n—1
(—1)"_d< I1 FQt) ( I1 F3t+2d—1) 2
t=1 t=1 5n(n+1)/2—4n—2d+3

(ZIH; FQt) CHj F 2t) CHll F3t+2n71) Fsn(n-1)/2-n+3

Theorem 10. For1l < d <n we have

—)\n—l—H’T“nQ—&— )‘_T“n+r+s(n—2)

-1
Ln,d -

1
(1—q*)
(q)\—i-ud—i—s; q)\)nil(qu—&-)\n—i-s; qu)n 1 — q(A+u)w+u(n—d)+r+s(n—2)

Ud—l _ isfr(_l)nquf)\%+u@f,undJr%fns
n

(@ qMn-1(0" ¢")n-a(g": ¢")a—1 1 — (Otw) "5 4rts(n-1)
Its Fibonacci Corollary for A\=2, y =3, r=1and s = —1:
Corollary 10. For1 <d<n

n—1 n
( IT F2t+3d—1) (H FSt-‘an—l)
1 (_1 (d;2)+nd t=1 t=1

" (11 ) (T 1) (T )

Fsn(n-1)/242n—3d+3

* X

Fsn(nt1)/2-n+2



As a consequence, we can compute the determinant of My, since it is
simply evaluated as Uy 1 ---Upn, n:

Theorem 11.
det My = iN(rfs)qé()\+/L)N(N271)+%N(Ns+572r)(1 _ qrfS)N

(d+1)d

N 1— q()\Jru)TJrrJrs(dfl)

1 (0% ¢")a-1(a";: ¢")a1
(@At ) a(q AT gi) gy _ (Ot g —2strpds

d=1
Fibonacci Corollary for A=2, p =3, r=1and s = —1:

Corollary 11.

N d—1 Cljll F2t> <jj11 F3t)

F
_ (_1\N+iN(N2-1) 5d(d+1)/2—d+2
det My = (—=1)""% dl:[1 Foaan)/2ars tl:[l - y .
= = (H F3t+2d—1) (H F2t+3d—1)
t=1 t=1

Now we compute the inverse of the matrix M. It depends on the dimen-
sion, so we compute (My)~ L.
Theorem 12. For 1 <n,d < N:

(MN)’:L:(; — (_1)n—dis—rq%‘s+>\7d(d2+l)+u7"(n2+1) —Ns—NdA—Nnpu

(gt M N (¢ g

(@ ) v=a(@*;: ¢ a=1(a" ) n—1(¢"; ¢*) N—n
1 1- q(/\+u)m+mf)\d7un+r+st2s

X

X
(1 _ qs+un+)\d)(1 _ qr—s) 1_ q(/\JrH) N(]\;+1)+T+SN73

Fibonacci Corollary for A=2, p =3, r=1and s = —1:
Corollary 12. For1 <n,d < N:

(—1)("3")+d+ntNn ( fﬁ P ) < MR )
3t42d—1 ) ( 1] Fottan—1
t=1 t=1

R R = 1 T
) (1 ) (1) (1 )

" Fsn(v+1)/2-2d-3n-N+3

Fsn(N+1)/2-N+2
4. THE MATRIX H
We obtain the LU-decomposition H = L - U:
Theorem 13. For 1 <d <n we have
A A(n—d) (=g T g1 (% 4Mn1
(=g A5 q) 4 (620 )a-1(0* ¢ )n—a

Fibonacci Corollary for A =3, y =2 and r = 1:

Ln,d =(q



Corollary 13. For1 <d <mn,

d n—1
(H L2t+3d+1> ( II F3t>
t=1 t=1

Lna=—5 d—1 n—d :
2t+3n+1 3t 3t
(1 Zereanss ) (L1 7) (L 7)
t=1 =1 t=1
Theorem 14. For 1 <d <n we have
Ugn = (_1)d—1i—r—,un—)\dqu"7_d+rd—%-‘r()\-i-u)g
(0% 0N a1 (¢"; ¢")n—1
(=gt g g (=g A g g (gHs M) n—g
Fibonacci Corollary for A =3, y =2 and r = 1:
Corollary 14. For1 <d<n

d—1 n—1
(-1 )5 (EF“) @1 )

d d—1 n—d ’

(H L3t+2n+1> ( I1 L2t+3d+1) < I1 F2t>
t=1 t=1 t=1

The inverses of the matrices L and U:
Theorem 15. For 1 <d <n we have
N e i ) L= S C T e

(=gt g )1 (M) a-1(0% ¢ ) n—a

Fibonacci Corollary for A =3, py =2 and r = 1:
Corollary 15. For1<d<n

Udn:

i)

Lyzld — (_1)n—di—)\(n—d)q

n—1 n—1
( I1 L2t+3d+1) ( I1 F3t)
=1 =1

1 _ n+1 + d —nd
L”yd _( 1)( : ) (2) n—1 d—1 n—d ’
( [1 L2t+3n+1> ( 11 F3t> ( 11 F3t>
t=1 t=1 t=1
Theorem 16. For 1 < d <n we have
Ud—l _ (_1)d71ir+)\n+,udqf)\§+u§f,undfrn+%
n
(=g N )1 (g M),
(@ @M n-1(a"; ¢")a-1(¢"; ¢")n—a
Its Fibonacci Corollary for A\=3, y =2 and r = 1:

Corollary 16. For1 <d<n

X

n—1

<tlz[1L2t+3n+1) <tl;[1 L3t+2d+1>

d—1 n—d n—1 )
5n—1 <tl;[1F2t> (tl;[l F2t> (tl;ll FSt)

Uyt = (1))



As a consequence, we can compute the determinant of Hy, since it is
simply evaluated as Uy 1 ---Upn, n:

Theorem 17.
2 3
det Foy = i%N(N+1)(A+u)+Nr+N(N+1)qN“*“)+N Qo)  NPOt) 4 N2
y H 0*)a-1(9";4")a—1
T+ud+)\ A)d(_qr-‘ru-l—)\d; qu)dfl

Fibonacci Corollary for A =3, p =2 and r = 1:

Corollary 17.
d—1 d—1
e (iR
_ eN(N-1)/2(_ =1 t=1
det Hy =5 -0\ [— = .
=1 <H L3t+2d+1> ( I1 L2t+3d+1>
(=1 =1

Now we compute the inverse of the matrix JH. It depends on the dimen-

sion, so we compute (H )~ !

Theorem 18. For1 <n,d < N:

(%N);}i _ (_1)N717n7dir+;m+)\dqu%+)\§f,uan)\NdirJr%
(7qr+/m+)\; qA) ( qr+>\d+u q,u) 1
(@ ) N—a(@; ¢*)a—1(a"; ¢*)N—n(q"; ¢ )n—1 1 + g HrntAd
Fibonacci Corollary for A =3, y =2 and r = 1:
Corollary 18. For1 <n,d < N:

(tﬁ1L3t+2n+1> ( INI L2t+3d+1>

t=1

91 (T F) (T ) (T ) (T )

t=1

(G{N);il — (_1)(d;1)+Nd+n+d

5. THE MATRIX W

Now we collect our results related to the matrix W.

For convenience, we use the same letters L, U, but with a different mean-
ing.

We obtain the LU-decomposition W = L - U:

Theorem 19. For 1 <d <n we have

(@0 )n-1 (—g¥ AR g,
(050 a-1(a%; @) n—a (—gsTA"FH; i)
1 — (=1)dgO+m g Am—d)r+s(d-1)

Ln,d -

d(d+1)

1— (_1)dq()\+u) +r+s(d—1)



Fibonacci Corollary for A=2, y=3,r=1and s = —1:
Corollary 19. For1 <d <n,

n—1 d
<H FQt) II Lst+2d—1
=1 =1
Ln,d =

d—1 n—d d
(H F2t> ( I1 F2t) IT Lat+2n—1
f=1 =1 =1

Lsg(d+1)/2+2n—3d+2
- Lsg(d+1)/2—d+2
5dF§d+1)/2+2n73d+2 Zf d 7;8 Odd
5d(d+1)/2—d+2

Theorem 20. For 1 <d <n we have
dd-1)

if d is even,

°g— _rts
Uy, = EED T =N 0N a1 (¢ ¢
=

’ (q*‘,q”)n d(=g Mt gA) g (—grtAdts; git) gy

(d+1)d
1— (-1 d (M) +u(n—d)+r+ds—s
(Lol (1-4¢"7).

1+ (_1)dq()\+,u)#+r+dsf2s
Fibonacci Corollary for A=2, y=3,r=1and s = —1:
Corollary 20. For1<d<n

(jljll P ) (7:[[11 Py)
(jljf F3t) (jjll L3t+2d71> (tljll L2t+3n—1>

5d-1p, _ . .
F5(d+1)d/2+3n 4d+2 Zfd is 0dd7
5d(d—1)/2—d+3
5F5(d41)d/243n—4d+2
Lsg(a—1)/2—d+3

Ud,n = (_1)(3)

* X

if d is even.

The inverses of the matrices L and U:
Theorem 21. For 1l <d <n we have
n—d
(=12 U2 (PO Ny (=g ),

L L=
n,d (q)\; qA)d—l(*qS+u+)\n§ q“)nq
14+ (_ )nq()\-l-u)M—un—)\d-i-r—Qs—I—ns

X
14 (=1)ng+r)
Fibonacci Corollary for A=2, p=3,r=1and s = —1:

Corollary 21. For1<d<n
n—1 n—1
(—1)n_d( 11 F2t> ( I1 L3t+2d—l)
t=1 t=1
d—1 n—d n—1
(H F2t) ( I1 FQt) ( I1 L3t+2n—1>
t=1 t=1

t=1

"(n+l> —pn—An+r—2s+ns '

-1
Ln,d -
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Fy —2d— . .
a};t(n«l»l)/? 2d—4n+3 an is Odd,
X 5n(n+1)/2—6n+3
L5n(n+l)/2—2d—4n+3
Lsn(n+1)/2—6n+3

Theorem 22. For 1l <d <n we have

if n is even.

Uin = g5 e A s —pnd
L BT ) V—gotAtnds gAY,y (=g TP g,
(1= ¢ )@ ¢ n—-1(a"; ¢")n—a(q"; ¢")a—1
L4 (- ) 0+ )(n(n 1)/2)+p(n—d)+7+s(n—2)

1 — (—1)ngOtm ™5 +rtsn—1)
Its Fibonacci Corollary for A=2, py =3, r=1and s = —1:
Corollary 22. For1<d<n

Cﬂll L2t+3d—1> <tﬁ1 L3t+2n71)
(jljll Py) (E Py ) (I[j Py)

if n is even,

Uyt = (—1)(3 ) rdtnond

Lsn(n—1)/242n—3d+3
5" Fsp(nt1)/2—n+2

Fon(n-1)/2+2n—ad+3 if n is odd
5" L L (nt1)/2—n+2 ’

X

As a consequence, we can compute the determinant of Wy, since it is
simply evaluated as Uy ---Un,n (we only state the Fibonacci version for
A=2,u=3,r=1and s =—1):

Theorem 23.
det Wy = (—1)sN(¥*~1)
d—1 d—1
( H FZt) <t1:[1 F3t) 5d;L5(d+1)d/2—d+2 'Lf d is Odd,
= 5d(d—1)/2—d+3

5F5(d41)d/2—d+2

d . .
(H Lt 24— 1) (H L2t+3N—1) “Lsaa—1)/2—d+3 if d is even.
=1
Now we compute the inverse of the matrix W. It depends on the dimen-
sion, SO we compute (\/\71\;)—1

Theorem 24. For1 <d<n<N:
d(d+1 n(n+1 r+s
(WN)n L= — i r( 1)n7d71+Nq)\%+,u%stde)\anAH*%

y 1 (=" N (=g )N
(14 gstHntAd) (1 — ¢7=%) (¢*; ") N—da(a?; ¢*)a
1+ (_1)Nq(/\+u)w

1 (_1)Nq()\+u)w+r+sN—s

—Ad—pn+r+sN—2s

X

11

~1(g"; ") n—-1(¢";¢*)N—n



Fibonacci Corollary for A=2, y=3,r=1and s = —1:
Corollary 23. For1 <d<n<N:

n+1 _ N N
(—1)( 2 )ntd Nn(H L3t+2d—1> (H L2t+3n71)
=1 =1

-1 _
(WN)n,d T d n—1 N_d N-n
(H FQt) < I1 th)( IT th)( IT FSt)LZdJr?mfl
t=1 t=1 t=1 t=1
Lsn(N+1)/2-2d—3n-N+3 - .
if N s even
% SN 5N (Nt1)/2—N+2 f ’

FsN(N+1)/2-2d—3n—N+3 if N is odd
SN =L s n(N41) /2= N+2 ’

6. PROOFS

Following our introductory remarks, we present now two proofs about the
matrix 7.
In order to show that indeed T = L - U, we need to show that for any m,
n:

_ __l—r—Am—un l()ﬂn—i—;m,—i—r—l) 1— q
Z LmvdUdvn - tmvn =1 q2 1 _ q)\m—i-un-i-r :
d

In rewritten form the formula to be proved reads
e 1 .
> LiaUgn = (0% 0)m-1("; ¢")n-1(1 — q)i' 7" Amgambpn=r=1)
d

ld2(>\+u)+rd—%ud—%d(qr+u+>\d; ")

q2
X .
; (@ @) m—d (@A™ g ("5 qH) p—a(qm AT g ) g (g7 A gl ) g

Apart form the constant factor, it should be proven that

Ad.
qr-i—u—f— ) qu)d

q2
zd: (@ @M m—alq 75 ¢#)a(; ¢ n—a (@75 1) a(g A% g1 g
B 1
(@) m—1 (@ @)1 (1 — grmbimar)”
For the verification of the last equation, let us denote the LHS of the equa-

tion (6.1) by SUM,,, then the Mathematica version of the g-Zeilberger algo-
rithm [8] produces the recursion

$d*(Atp)+rd—Fpd—3d (

(6.1)

1— qm(A—l)-i-p,n—i—r

SUMm, = (1 _ qm()\—l))(l _ qu\—i-un-i-r)

SUM,,_1.

Now we move to the inverse matrices. Since L and L~! are lower trian-
gular matrices, we only need to look at the entries indexed by (m,n) with
m > n:

Ao A
5 Lyalgh - Bt amgtan v
n<d<m q7;4q9”" )n—1

12



— Lyg2_1
(=1)dq AT (g AT ) o (AT )

X Z A ))\ +Am—+r A g +Ad+r :
= (0N a)m—alg $a)a(a; ) a—n (@ AT ) g1

For the sum on d in the last expression, the g-Zeilberger algorithm evaluates
it and give us 0 for m # n. For m = n, it is easy:

Eqi; qi§n1 i—)\nq%)\n(_l)ni)\nq%)\rﬂ
q7; 9”7 )n—1
(_1)nq—/\n2+%/\n2—%)\n(qu+)\n+r; q,u)n(q,u—l-)\n—l-r; q#)n—l

X (q/ﬁ-)\n—i-r; qu)n(q;ﬂ—)\n-i-r; qu)n_l =1

In that case, the equality is valid as well and so the proof is complete.

Now we present one proof for M.

We start with an introductory remark. For all the identities that we need
to prove, experiments indicate that they are Gosper-summable. However,
the entries that we encounter in our instances, do not qualify for the g-
Zeilberger algorithm that we used in our earlier papers. Therefore, it was
necessary to guess the relevant quantities; the justification is then com-
plete routine. However, this guessing procedure is (with all the parameters
involved) extremely time consuming, and so we confined ourselves to the
demonstration of one such proof. We hope that extensions of the ¢-Zeilberger
algorithm will be developed that fit our needs.

We deal now with
> Lmalgy,
n<d<m

and prove that it is 1 for n = m (there is only one term in the sum) and 0
for n > m since we have lower triangular matrices. So let us assume m > n.
We will prove a general formula depending on an extra variable K:

K(K+1) n(n—1)
Z Lm,dL;}-L — (_1)K7nq)\ff)\Kn+)\T

n<d<K

1 — q()\—i—u)w-l—r—&-sl(—s-‘r(m—n))\

X

1_ q()\-&—u)w—‘rr—l—sK—s

L1 (0% ¢ )m-1 (@A ¢ i

1— =27 (g M) k(@ ) mo1- k(05 M n1 (¢5HA 4 g1
The formula we need follows from setting K := m. Note that the RHS of
formula equals 0 when K = m > n because of the term (q’\; q)‘)m_K_l in the

denominator of the second row. The proof of the formula is by induction.
Clearly it is true for K = n, and the induction step amounts to show that

-1 -1 -1
Z Lm,de,n + LmyKJrlLKJrl,n = Z Lm7de,n7
n<d<K n<d<K-+1
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which equals

A+ M—&—s[(—s—l—r—o— m—n)\
(_1)K7nq,\7K”§+l)f,\Kn+,\7”("2‘1) 1— gt (m—n) 1

1 q()\—l-u)w-l—sf(—s—l-r 1—gq

Am—An

(qA;qA)mq (qs—i-)\n-&-u;qu)K

(@ ) k(@5 ) m—1-k (@ ¢ )n—1 (¢FTA™FH; g i
() m—1 (gF A 1 gy ey
(M k(@ ¢ ) m—k—1 (@A™ g ki

1_ q()\Jru)er)\(mefl)JrsKJrr

X

+

X
1 — Ot EFVKAD) | 5Kt

A,
K (—1) K+ MR xn(K 1) (¢ ")k

A A (K 41)2 4 A0 (K1) +r+s(K—1)

1—gq (@ MK
1 — g ANEFD+2GE (K412 258 (K Dtr+s(K=1) (g% M) n-1(¢Y 0 K+1-n

2

(K+1)(K+2) n(n—1)
_ (_1>K+17nq)\ff)\n(K+l)+)\7

y 1— q()rhu)W+S(K+l)78+T+(M*n))\ 1

1— q(/\+u)W+s(K+1)75+r 1 — gdm—n
(Y )m1 (@51 ') e

X )
(@ ) K—nt+1(05 ) m—k—2(; @) n—1 (¢FFA™FH; gH) 41

or

— (1 _ q()\—i-u)K(1;+1)+5K—s+r+(m—n))\)(1 . q()\+u)(K+1)2(K+2) +5K+r)

)\(K—n+1))(1 _ s+)\m+,u+uK)

x(1—q q
F(1 = g MEFD ) o q(/\ﬂt)WJrA(m—K—l)JrsKw)

—,\n+*#(K+1)2+%(K+1)+r+s(K—1))(1 _ /\m—)\n)

x(1—gq q
(K+1)(

_ q)\JrK)\fn)\(l _ q()\+u)+W+S(K+1)78+T‘+(M*n))\)

« (1 . q(/\Jr,u)ersterr)(l B q)\(mefl))(l _ qs+/\n+,u+,uK)’

which is a routine check. Thus we have the claimed result.
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