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Abstract

In this paper, we obtain solutions to infinite family of Pell equations of
higher degree based on the more generalized Fibonacci and Lucas sequences
as well as their all subsequences of the form {u,} and {vin} for odd k& > 0.
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1. Introduction

The generalized Fibonacci and Lucas sequences are defined by
Unt1 = Aty + Buy_1 (1.1)

and
Upt1 = Avy + Bu,_1, (1.2)
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where ug = 0, u; = 1 and vg = 2, v; = A, respectively.

For k > 0 and n > 1, the sequences {uy,} and {vk, } satisfy the recursions (see
[1]):

Uy, = Vptp(n—1) — (—B) up(n_2y and vgn = Vpvgn-1) — (=B)*p(n_2). (1.3)
The Binet formulae are

a” — Bn

Uy = and v, = o™ + 8",
a—p

where o, 8 = A+ VA% +4B.
By the Binet formulae note that for a fixed £ > 0,
U—fn = (—1)k"+1u;m and U2kn, = VinUkn- (14)

A n x n quasi-cyclic matrix R (D;x1, x2,...xy) (or shortly R) has the form (see
2, 4, 5]):

T Dz, Dxz,—1 .. Dxs Daxo
To T Dx, .. Dzxy Dxg
R =
Tpn1 Tp_2 Tp_3 ... x1 Dz,
In Tp—1 Tp—2 T2 X1

The classical Pell equation 22 — dy? = £1 (d € Z) can be rewritten as

det(x dy):il.
y X

By means of quasi-cyclic determinants, the equation

T Dx, Dz, 1 .. Dzx3 Duzxs
To T Dx, .. Dxzy Duzs
det — 41
Tp—1 Tp-—2 Tn-3 1 Dxn
In Tpn—1 Tp—2 T2 I

is called Pell’s equation of degree n.

In [2], the author gave a method to generalize the classical Pell equation whose
degree is n = 2 to a Pell equation of degree n > 2 by some n X n quasi-cyclic
determinants. In particular, the author proved that for n > 2,

det (R(Ln;Fanl,FQn,m...7Fn)) = 1, (15)

where L,, and F}, denote the nth Lucas and Fibonacci number, respectively. Further
it was showed that

det (R (Lﬂv F2n—1+k7 F27l—2+k7 ey Fﬂ-‘rk)) = (_1)n_1 L”F/? + Fl?—la



where k is an integer.

In [3], the author generalized the results given in [2] by giving a relationship
between certain Pell equations of degree n and general Fibonacci and Lucas se-
quences. For example, for k =1 in (1.3) and (1.4) and n > 1, we have

det (R (Un; Uan—1, Uan—2, .oy Uy ) ) = BMY), (1.6)

where B is defined as before.
From [4, 5], the following two propositions are known:

Proposition 1. Forn > 0,

n—1 n
det (R) = H (Z xidi—lsk(i—l)) 7 (1.7)
k=0 \i=1

where d = /D, e = e>™/™ and each factor > i, x;d""*e*=Y) of the RHS of (1.7)
is an eigenvalue of the matriz R.

Proposition 2. Let n and D be fized. Then the sum, differences, and product of
two quasi-cyclic matrices is also quasi-cyclic. The inverse of a quasi-cyclic matriz
s quasi-cyclic.

In this paper, we generalize the results of [2, 3] and so obtain solutions to infinite
family of Pell equations of higher degree based on more generalized Fibonacci and
Lucas sequences as well as their all subsequences of the form {ug,} and {vgn},
for odd k£ > 0.

2. Quasi-cyclic matrices via the generalized
Fibonacci and Lucas numbers

We obtain some results about infinite family of Pell equations of higher degree by
using certain quasi-cyclic determinants with the generalized Fibonacci and Lucas
numbers. We give some auxiliary results for further use and denote (—B)]C by b for
easy writing.

Lemma 2.1. For positive integers k and n,
VkUk(2n—1) — VknUkn = buk‘,(Zn—Z)v

b (uk’(2n—1) - /Uknuk(n—l)) = bnuk7

uin - uk?(’ﬂ“rl)/uk?(nfl) = b(nfl)ui
Proof. The claimed identities follows from the Binet formulae. O

Theorem 2.2. Forn > 2,

det (R (v;m; Uk(2n—1) Uk(2n—2)> -+ u;m)) = bn("_l)u};. (2.1)



Proof. For n =2,

U3k  V2kU2k

2 2 2,2
= Uz, — V2rUs, = b ug.
U2k U3k

det (R (vor; usg, uar)) =

For n > 2, consider the upper triangular matrix

1 —Vk b 0
1 — Uk
T =
b
1 —v
1

From a matrix multiplication and by Lemma 2.1, we get

uk(gn,l) —buk(gn,g) b"uk 0 SR 0
Up(an—2) —bugen-3y 0 b uy
RT = 0 0
: : : : by,
Uk(n+1) —bugy, 0 0 e 0
Ukn —buk(n_l) 0 0 ce 0

Then we write

det R = (det R)(detT) = det (RT)
b ug 0 0
0 "
= (buin — buk(n+1)uk(n,1)) det Uk
: . . 0
0 S 0 b ug
= (buin — buk(n+1)uk(n,1)) (b"u;g)"_2
bn(n—l)uz’
as claimed.
Corollary 2.3. Forn > 2,
n—1 n
j—1 j — n(n— n
H Zuk(gn_]) (\"/’Ukn)J Ek(] ) = b ( l)uk,
k=0 \j=1

where Vg, is the nth complex root of vi, and e = e2mi/n,

We shall need the following identities:

(2.2)

(2.3)



1. —bug(2n—3) + VkUp(n—2) — Uk2n—1) = 0, ..., —DUkn + VkUk(ng1) — Uk(n+2) = 0,
2. Up(2n—1) — Vknlg(n—1) = b" 1ug,

3. Entt = v, B, and E? = vy, I, where

0 0 0 Un
1 0 0 0

E,=| o 1 0 0
0 0 1 0

Theorem 2.4. For n > 3, the matrix R ('Ukn;Uk(gn_l),Uk(Qn_Q), ...,ukn) is invert-
ible and its inverse matriz R~ is given by

1
ub™

R (Vkn; tp(2n—1) Uk(2n—2)s s Ukn) = — (=bl, +vxE, — E7),  (24)

where I, is the n X n identity matriz and the matriz E, is defined as before.

Proof. Since det (R (vkn;uk(gn,l),uk(gn,g), ...,u;m)) # 0 by Theorem 2.2, its in-
verse exists. It is easy to see that

R (Vs Up(2n—1) W(2n—2)s --» Ukn) = (Ur2n—1)Ln + Uk(2n—2)En + .. + wpn Ep 1) .
Hence,

. -1 .
R ('Ukna Uk(2n—1)s Uk(2n—2) +++» Ulm) R (Ukna Uk(2n—1)s Uk(2n—2)5 -++» Ukn)

u;;ﬂ) (— (—=B)* I, + v, E,, — E,%)

= (uk@n-nIn + Up@n-2)En + .. + upn E) ") <
-1
= (=bug@n—1)In + (U2kn — WenVkn) En + (Vktkn — Wknt1)) Vinln) < >

ub™
-1
= b (uk(2n—1) - vknuk(n—l)) I,

ugb"
- ) ()

= Ina

as claimed. O

3. The Determinants of Quasi-Cyclic Matrices
For all integer ¢, define the n x n quasi-cyclic matrix Ry, ¢ as

Rt = R (Vkn; Uk(2n—141)> Uk(2n—2+) s o Uk(ntt)) -



By Theorem 2.2, we have

det (Rgp0) = b Va2,

For det Ry 1, det Ry p 2,..., det Ry 1, det Ry 5, —2,..., we can obtain correspond-

ing results.

Define the n x n matrices gy n+ and hy ¢+ as shown:

Ikn,t =

and

hk‘,n,t =

Up@ntt—1) —DUp@nti—a) —b" Tl uge_1) 0
Uk(2n+t—2) _buk(2n+t73) b upt
. . 0 *bTH»luk(t—l)
Uk (n4t+1) —bug(nit) : B b uge
uk(n+t) —buk(n+t_1) 0 ce 0
Upantt—1) b upe  —b"Tlugy) 0
Up(antt—2) 0 b ugt —b" gy
0 bn’ll,kt
0 L _bn-‘rluk(t71)
Uk (n+t+1) 0 0 e . ank-t
uk(7),+t) 0 0 e e 0

We give some auxiliary Lemmas before the proof of main Theorem.

Lemma 3.1. (The recurrence of det g i)

n 3 (n?—n n— n—
det gi.pnt = (—1) A +t)ukuk(n,1)ukt 2 _pn 1)uk(t,1) det grn—1¢.  (3.1)

Proof. Clearly

det g n.¢
Uk(2n4t—1) Uk(2nti—2) —OUkE—1) 0 0
Uk(2n4t—2) Uk(2ntt—3) Upg —bugs—1)
— _pnn—2)+1 5 3 0 Ukt 0
0 —bugt—1)
Uk(n+t+1) Uk (n+t) : : E Ukt
Uk(n+t) Uk(ntt—1) 0 0

By subtracting the second column of gy, ,, + from the first column by multiplying

vy, gives us




det 9k,n,t

bug(entt—3) Urnti—2) —bug—1) 0 0
bugenti—4) Uk(2nti—3) Ukt —bugs—1)
_ 2 : : 0 Ukt 0
0 —bug(r-1)
Uk(n+t—1) Uk(n+t) 5 : e Ukt
bup(ni—2)  Uk(ntt—1) 0 0 [ |
So on after n + ¢ — 1 subtractions between the two columns, we get finally
det g n. ¢
Ukn Uk(n—1) —DUk—1) 0 0
Uk(n—1) Uk(n—2) (™ —bug—1)
— _pn(n=2)+n+tt ; 0 Ukt 0
0 —bug(t-1)
Uok Uy Ukt
U, Ug 0 0

Expanding the determinant above with respect to the first row and by ug = 0,
we get

Uk(n—1) Ukt
det ggn,t = b(ntnﬂ)uk(n—l) 0 ... —buge-n
: Ukt
U 0 0
Uk(n—1) Uk(n—2) —Ouge—1) 0 0
Uk(n—2) Uk(n—3) Ukt
2_,, . .
A L+t+1uk(t,1) : : 0 *buk(t—l)
Ukt
Ug Ug 0 0

-1
ey det gk .n—1.t

27 — —_
= (=1)" 0" "My pyugugy 2 — 6 gy det gen—1

n n27n n— n27n
=(=1"b ooy gy 2+ b g (

Thus we have the conclusion. O



Lemma 3.2. For odd k > 0,

(_1)kn

Uk

2 2 2
_ —n+1 —n+1 n—1
det ggn,e = {bn " gy ugy 0wk — 0" T w1y uen

(3.2)
Proof. (Induction on n) When n = 2, we have

Uy —DU(a4e)

det =
gk,2,t u(2+t) 7bU(1+t)

’ ==b (“(3+t>“(1+t) - “?2+t)) = 0" g,
Substituting n = 2 in the RHS of (3.2), we get

(_1)2k
ug,

[b3ukuit + b4ui(t71)uk — b?’uk(t_l)quukt}

= (uﬁt + bui(t_l) - uk(t_l)vkukt)
= b (Uit - uk(t+1)uk(t71)) = thU%,
as claimed. We assume that the claim is true for n — 1. Now we prove that the

claim is true for n. By the induction hypothesis and (3.1), we write for odd integer
k,

det 9k,n,t

n n27n n— n—
= (=1)" 0" "My nyugugy 2 = 0 g ”

1

2 _ _1)2 _ 2_ —
% {bn Ty gyugty 0O T g — 0 T gy ugy 2}

n—1
:(71)k(n71)+1 anUZ(t_1)+(71)k(n71) bn27n+1uk(t—1)ukt ukn+
U
n—2 kn 3n?—n+t k(n—1) 1n2—n+1 Yk(t+1) Uk(t—1)
oDk (-1 b Yk(t41)Uk(t—1)
g Lo |

n—1
_ (71)k(n71)+1 anU'Z(t_l) + (71)16(’)171) bn27n+1uk(t—1)5kt ukn+
k

kn nz—n+1“2;2uk(n—1) (-1 2
+(=1)"b - [b uj +Uk(t+1)uk(t—1)]

Uk
(71)]6” n?—n+1 n n? n n?—n+1 n—1
= b Uk(n—1)Upy + 0 U (p—1) Uk — b Up(t—1) Ukn Uiy
Thus the proof is complete. O

Lemma 3.3. Forn > 1,

det b = (—1)" " Dy pul,



Proof. Expanding det hy, ,, + with respect to the last row gives us

det hy p. ¢
Uk(2ntt—1) b Ukt fb”J“luk(t_l) 0 0
Uk(ntt—2) 0 b ugt —b" Mgy
= 0 b ugt 0
. 0 U VLS P
Uk (n+t+1) 0 : : . b Uy
k() 0 0 0

= Uy (—1)" T (B uge)" !

= (71)n+1 bn(nil)uk‘(n-&-t)u;;t_la
as claimed. ]

Lemma 3.4. Forn > 1 and k,t > 0,

Ven = (VkUkn — 26Uk(n—1)) /U,
Uk(ngt) = (Wh(n41) Ukt — DUknUp(i—1)) [Uk-
Proof. The claims are obtained from the Binet formulae of {u,} and {v,}. O

Theorem 3.5. Forn > 2 and all integer t,
det Ry nt = pin=h ((*1)%_1 VknlUjy + (*l)kn an‘Z(t—l)) ) (3.3)
where k is an odd integer.
Proof. From the definitions of gy .+ and hy ¢, we see that
det Ry n,t = det gg n,e + det hy p .

So the proof follows from Lemmas 3.2, 3.3 and 3.4. O

When ¢t =n in (3.2) and (3.3), we have the following result.
Corollary 3.6. Forn > 1,

nn? n
det gp . = (=1)*"p Uk (n—1)»

det R = (=)0 (<o, + 0", ) -
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